CHAPTER 2

First-Order Differential Equations

SEPARABLE EQUATIONS

According to historians of mathematics, Leibniz implicitly discovered the method of separation
of variables in 1691, but John Bernoulli should be credited with the explicit process and the
name (separatio indeterminatarum) in 1694. [See Ordinary Differential Equations by E. L. Ince
(Dover Publications, 1956).]

Determining whether a differential equation is separable is often a test of a student’s algebraic
skills. A paper by D. Scott [Amer. Math. Monthly 92 (1985), 422-423] contains conditions that
ensure separability: Suppose that in D, an open convex set in the plane [an open disk in the
x-y plane will do], f, f, fy, and fy, exist and are continuous, f(x,y) # 0, and f(x, y)fy(x,y) =
fx(x, »fy(x,y) holds, then there exist continuously differentiable functions g(x) and h(y) such
that, for every (x,y) in D, f(x,y) = gx)h(y). Here the subscripts denote partial derivatives.
A partial converse holds. Try the theorem on Exercise A10 or on f (x, y) = 2x% +y — x%y +xy —
2x — 2, which is separable.

The method of separation of variables is the one most students may have seen in a calculus
course. I find it useful to review partial fractions via examples such as Example 2.1.6. You
may want to introduce students to the partial fractions capabilities of your CAS. Maple, for
example, has the convert command, with the parfrac option. Also, I emphasize the need
to watch out for singular solutions. With respect to the autonomous equations introduced in
Section 2.4, these singular solutions are equilibrium solutions (Section 2.6), important for the
qualitative analysis of differential equations. I have not seen a CAS ODE solver that produces
singular solutions.

The substitution methods described after Exercises A1l and A14 are two classical change
of variable techniques (tricks?) for converting certain equations whose variables are not
separable into separable equations.

Exercise C3 concerns the catenary. Exercise C6 asks the student to work analytically with a
basic form of the logistic equation, which will be discussed qualitatively in Section 2.5.
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CHAPTER 2: First-Order Differential Equations

A

. (cotx)y +y=2= (cotx)j—g’c =2—-y= szy

Aty =9 = Al =2

d A-2 d
_d_JYC: xV:>A__}’2y=‘i—x:>fA fdx:>——ln|A—2y| Inlx| + C; =
In[A —2y] = 2Inlx| + C; = ln( ) + C, = (exponentiating)|A — 2y| = x—;‘,
where C3 > 0 = A —2y = %, where Cy is arbitrary = y = 5(A SQ‘) = % + x%
Note that C = —Cy/2 can be any real number if C4 can be any real number.
d _ = dy _ —xd dy _ _ — G+D—=1 g
'ﬁ—x+1:>7_xilx:>/7 x+1— /xx+1 dx_—f(l—m>dx_

—fldx+fm =Inlyl= —x+Inlx+ 1|+ C; = |y| = e * M0 = Cylx +
1le™™ iy—C(x—i—l)e’x.

Y =33 = ¥ _3<y%):yd%=3dt:/y‘%dy=3fldt:>3y%=3t+C1:

y3 =t+C; = y = (t+ Cy)3. Now the initial condition y(2) = 0 implies that 0 =
(0 + C5)3, so that C; = —2. Therefore, y = (t — 2)3 = t3 — 6% + 12t — 8. But notice that
in separating the variables we divided by a power of y. The solution y = 0 is a singular
solution of the basic ODE and satlsﬁes the 1n1tlal condition.

dy _ ¢=D@¢=2 dy dx 11 dx
T T x T G-he-D :>f<y1)<y2> I5 =>f< ) =/ %

Inly—2|—-Inly—1|=In|x| + C; =>ln‘yTl =Inlx|+C, = )ﬁ‘ :C2|x|=>y—1=

Cx=y= TI' gx

The solution y = 2 can be obtained by choosing C = 0, but there is no value of C for
which (2 - Cx)/(1—Cx) =1.Thusy=1isa singular solution.

;= A anxdy = [ 4L = [tanxdx =
—In]2—y|=—1In|cosx| +C; = In|2 —y| =In|cosx| + C; = |2 — y| Cs|cosx| =
2 —y = C4 cosx, so that y = 2 — C cosx. The initial condition implies that —1 = y(0) =
2 —Ccos(0) =2 —C, so that C = 3 and y = 2 — 3 cosx. The only possible singular
solution is y = 2, but this can be obtained by letting C = 0.

dx __ _sintcoszx dx __ __ sint sint _
st T cos? t = cos?x cosZt sttt = fcosz - f cosZt sttt = fsec xde =

f (cost)2(—sint)dt = tanx = —(cost)"! + C;. At this point we can use the initial

condition: tanx(0) = —(cos0)~! + Cy, or tan0 = 0 = —1 + Cy, so that C; = 1.

Then tanic_cjst —(cost)™! + 1 = x(t) = arctan(—%; + 1) = arctan(=Lt&st) =

— arctan (1=52) )
.xzyzy/+l:y:>x2y2d§:y—l:},yfldy:ff—’f#f dy—f

2
f(y—i—l—i—y%l) y = [x2dx = L +y+Inly — 1| = —1 4+ C. The constant func-

tion y = 1 is a singular solution. (We divided by y — 1 earlier. Notice that the implicit
solution formula is not defined fory = 1.)

2 dy dx

d d
y=10-D= s =5 = /gn=/%=>
f(L— —)dy = fdx = Inly — 1] — Inly| = Inlx| + C; = ln‘y 1‘ = Injx| + C; =

= Cy|x|, where C; > 0 = y U~ Cx =y = . Using the 1n1t1al condition,
V=1 g

we ﬁnd that 0.5 = y(1) = 1/(1 — C), sothat C = —1and y = Note that the

1+x
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2.1 Separable Equations

basic equation has y = 0 as a singular solution. In separating variables, we divided
by y(y — 1), but y = 1 can be obtained by letting C = 0 in the one-parameter
solution formula. These constant solutions don't satisfy the given initial condition,
however.

i d dz
CE =107 = 10°10°F = £ = 10%x = [ £ = [10%dx = — 51077 = 5107 +

Ci=10%=-10"4+C = —zInl10 = ln(C — 10’“) =>z= % Note that for each
particular value of the parameter C, the solution is defined only for 10* < C—that is,

forx <InC/In10 (or x < log,, C).
B — 1 x4y’ 4 n? —1+x+y(1+x)—(1+x)( V)

1+y = (1+x)dx =

f1+yz—f(1+x)dx:>arctany—x+ +C:>y—tan<x+ +C>

W2+ (x+y)y +xy—0=>(y +¢ +y)=0=y +x=0o0ry +y=0=>§—§=—x
orj)yc —yéy————i—Cory—Ce

Y —y=2x—3 =7y =y+ 2x — 3. Letting z —y+2x—3 wehave —y +2 =
(y+2x —3) 42 = z+ 2. Separating variables, we see that -%; =5 =dx, and 1ntegrat1ng gives
usln|z+ 2| =x+ Cy, |z + 2| = Cre¥,z+ 2 = Ce*, so that z = Ce* — 2. Replacing z by
y + 2x — 3, we conclude thaty =Ce* —2x + 1.

42y =1=y = Lettingz = x+2y, wehave =142y =1+

2 : . .
Z£2. Separating variables, we get 7dz = dx, or (1 — m)dz = dx, and integrating

— 2 _
x+2y x+2y 1+ z

gives us z — 2In|z 4+ 2| = x + C;. Replacing z by x + 2y, we have x + 2y — 2In|x +
2y +2| =x+Cy.

There is no member of this one-parameter family of solutions that satisfies the Initial
condition y(0) = —1. However, because we divided by z + 2 = x + 2y 4 2 in separating
variables above, we have a singular solution y = —(x + 2)/2, which also satisfies the
initial condition.

Y = 4x+2y —1. Lettingz = 4x+2y—1, wehave 4+2y’—4+2«/4x+2y— =

4 + 2./z. Separating variables and integrating, we have I3 +2 [ = [dx. If we letz = u?

in the first integral, then dz = 2udu and the last equation becomes f %du =
[dx, [ idu =fdx,f(1 - m)du=x+C1,u—2ln|2~|—u| = x + C;. Replacing u by
Vz = /Ax + 2y — 1, we get our final answer: \/4x + 2y — 1 — 2In|/4x + 2y — 1 + 2| =
x + C. Of course, you could have let z2 = 4x + 2y — 1 immediately, so that 2z% =
442y =4+ 2z etc.

1+1 1
Y = g = zgl—t%; = EIJFY; Now let z = y/x. As in the example, y/ = z—i—x( ) o)

igi dz) _ 1tz ) — iz _ g _ L2
that the original equation becomes z+x<%) = =, or x( ) == -z = 7=

Separating variables, we get (1
2| =

)dz = (1+7 -3 +z2 )dz = dx . Integrating, we find that

arctanz — & ln| 1+z In |x| + C. Replacing z by y/x, we get the solution arctan(;) —
ln (x 7 )—ln|x|—C=o.
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g;rx = tt((13+3x)) ((1313x)) Now let z = x/t, so that % T =z+ t( ) and the equation
becomes z + t(%) =52, or t(‘éﬁ) = 1_3617 Separating variables and integrating,
we get fzzfgf_ldz = —[%, or 2ln|z +6z—1| = —Inft| + Cy,In|z? + 62— 1] =

—2Int|+Cy, |22 + 62— 1| = t—z,z +6z—1= % Replacing z by x/t and simplifying,
we get x2 4 6xt — t2 = C. This equation describes a family of hyperbolas. Alternatively,
looking at this as a quadratic equation in x we can use the quadratic formula to find
that x — —0* (6t)2;4(1)(7t2*(?) = OEEVAOHAC _ —6eE2VIOTHC _ 3y 4 «/W

Therefore, we have two one-parameter families of solutlons. x(t) = =3t + /102 +
and x(t) = -3t —/10t2 + C.
Y = + y . We have a choice here: Let z = x/y or z = y/x. Because it will make our

work a little easier, we choose z = y/x. Now d—ayc =z+ x(%) allows us to write our

original equation as % =z+ x(%) == —|— z, or x(ﬁi) = % Separating variables and

integrating, we find that %2 = In x| + Cl. Substituting y/x for z and multiplying by 2,
we get (%)2 = 21In |x| + Ca,y? = 2x? In |x| + C2x?, so that we have two one-parameter

families of solutions: y = xy/2In|x| + Cand y = —x/21In|x| + C.

2 2
2L o4
b _ pee _ () (50)

de T x242xy—y? T xz(1+g_ﬁ) - 142 L)
X x

If we let z = y/x, the equation becomes

z +x<§£) =1 :éz z%, or x(ﬁi) = lefz%;l Separating variables and integrating, we get
f%dz—f ~dx, f(T1 - z2+1)dz_f ldx, Injz — 1] — In|z> + 1| = In|x| + Cy,

and ln‘ ) ‘ = In |x| + Cq, so that 5

e +1 = Cx. Now replacing z by y/x, we get the result
that C (x +y ) +x —y = 0. By using some algebra (completing squares, etc.), you can
see that this equation describes a family of circles passing through the origin whose
centers are on the line y = x. For each value of C, the radius of the circle is +/2/2|C].
Alternatively, you can view the equation C(x? + y?) 4+ x — y = 0 as a quadratic equation
in y and solve it, obtaining two one-parameter families of solutions.

. The FTC says that %f(x) = % Jo f(®dt = f(x). Since f(0) = foof(t)dt = 0, we see that

we have the IVP ' = y,y(0) = 0. Solving the equation by separating variables, we find
that y = Ce*. The initial condition implies that C = 0, so thaty = f(x) = 0.

2
a. % =5 o x(fil) =4 f(— - m)dx = dt,sothatwehaveln lx|=In|x+1| =

In|t| + C1, or In = In|t| + C;. Thus

Ct
1-Ct-

x+1 = Cylt], or x+1 = Cst. Solving this

last equation for x, we get x =

x+1



2.1 Separable Equations

b. First of all, we can’t find such a particular solution using the formula for the one-
parameter family of solutions found in (a): —1 = x(0) = C(0)/(1 — C(0)) implies
that —1 = 0. Basically, the right-hand side of the original differential equation is not
defined anywhere in the t-x plane where t = 0. However, the answer to (c) below
shows us how to deal with this problem.

c. Inseparating variables in (a), we divided by x+ 1, which vanishes when x = —1. This
means that we implicitly assumed that x was not equal to —1. Since x = —1 is easily
seen to be a solution, we have x = —1 as a singular solution—one that happens to
satisfy the initial condition x(0) = —1 specified in part (b).

a T =y 2r=d= x1=t+C = 1=-14+C = x(t) = 5. Now

x(D=1=1=5=C=2=x0) = 5.
b. The interval I can be as large as (—o0, 2) or (2, 00). Any such interval I cannot include
the point t = 2, at which x(t) is not defined.

2 %ft)

-0 8 bBt4 2 0 2
d. Usingthe one-parameter formula found in (a), we want 0 = x(0) = Cl 5= c' which
is impossible. However, we notice that x = 0 is a singular solution that satisfies the
initial condition x(O) =0.

daQ _ cQ aQ _ dQ
- a g = 1+cP =G = ~ 15l f =- /1%

QI = |1+cP\ = Q = 15, where K = £¢C1.

b. IfQ = 15, then Q(0) = K and Q(1) = £, s02 ~ 39 —
c~ 1.

c. Using the approximate value of ¢ from part (b), we find that Q(0.20) = W =

% = %K = gQ(O). This result tells us that the cost of national health insurance

when individuals pay 20% of their health services cost is five-sixths the cost when

individuals pay nothing “out of pocket.”

s lnz(y—zo):yf—goz 24 o Iy — 200 = “020 4 ¢ = )y — 20/ =

dP,In|Q| = —In|1 4+ cP| + C; =

= 1+ c implies that

1+cP’ K
1+c

Cre~ 30t = C2(61n2 = Cy(27%%) = y — 20 = C5(274/3%). Now y(30) = 60 =

60 — 20 = C3(2739/3%) = C3/2,40 = C3/2 = C5 = 80. Therefore, y = 80(27'/3) + 20.

1730\ ¢



CHAPTER 2: First-Order Differential Equations

Now 40 = 80(27/3%) +20 = 20 =80(27"/30) = 1 =270 = In(}) = -5 In2 =
t=—3000) = _30(-2) =
6. a. Separating variables, we have dg = EBVdVL’ implying In |H| =
v
H = Ce™ BV.
b. Given EBV = 5 and H(0) = 0.40, we can write the solution given in part (a) as

EBVVL + K, or

\%
H = 0.4¢~ 3. Thus the patient’s volume of red blood cells at the end of the operation

is given by 5H = 2e_%. For example, if the patient loses 2.5 liters of blood during
surgery (VL = 2.5), then the patient’s volume of red blood cells at the end of the
operation is 279> = 1.213 liters.

7. % =16/4—(h—2)2? = [dV = [16y/4 — (h—2)2dh = 16 [ \/4 — (h — 2)2dh. Now
let h — 2 = 2siné, so that dh = 2 cos0df. Then we have V = 16f\/4 — 4sin%0 -
2cos6df = 16 [2cos6 - 2cosOdf = 64 [ cos® 0dO = 64(30 + 7 sin20) + C = 320 +
16sin 26 + C. Instead of converting back to the variable h, just notice that h = 0 corre-
spondstosind = —1,0orf = —n/2, and h = 4 corresponds tosinf = 1, or6 = 7/2. Now
use the initial condition to find C: 0 = V(0) = 32(—n/2) + 16sin(—n) + C, or C = 167.
Therefore V. =326+ 16sin 20 + 16 and V(4) = 32(r/2) + 16 sin 7 + 167 = 327 units.

8. Separating variables and integrating, we get [ \/1’1::’7 = [dx = x+C. You can attempt to

evaluate the first integral by starting with the substitution m = tanu, so that +/1 + m? =
— sec2 y dy— i —dm__
secu and dm = sec® u du—or you can consult a table of integrals to find that [ Tt

In (m + \/H——rnz) + K. (We don't need an absolute value inside the logarithm because
Vi+m? > Vm?2 = |m|, so that m + v/1+m2 > 0.) Now we have the equation
ln(m + m) = x + C. Using the given initial condition m(0) = 0, we find that
1n<0+m> = 0+ C, so that C = 0. Now ln(m+\/1+—mz) =x = m+
V1 +m2 = €. Replacing x by —x, we see that —m + /1 + m2 = e, so that subtracting

the second formula from the first gives us 2m = ¢* —e™, orm = (¢* — ¢™*)/2 = sinh(x),

the hyperbolic sine of x.
a—pB)ki a—p)k af op
aﬂ(l_e< ﬂ)lt) o 5)ft<e(a_ﬁ)kt—aﬁ) B (E(a—ﬁ)kt —aﬂ) L oow _ g

—gel@—Pprt Ak B - B 0—a
proe el Pl —a) )

o> B thena—pB>0and 1/e@ Pk 5 0ast — 00.)

9. a. We have x(t) =

" aﬁ(l_e(a—ﬂ)kt)
b. Ifa < B, thena—pB < 0and e@P* — 0ast — oo. Therefore, x(t) = s
"‘g(lag) = % =aast— o0o.
. . . dQ _
10. Separating variables and integrating, we get [ @y = f 0 +3), or
/(G-a%)iQ = 3/(h-ds)d so tha jmiQi-yiniet+2) -

3(Injt] —In|t 4+ 3]) 4+ C;. Multiplying by 4 and simplifying, we get In

Q2+2‘ -

4
3 In

,+3’ + C,, leading to Q?iz = C(t+3> . Now the initial condition Q(1) =



2.1 Separable Equations

IS

gives us m = C(1+3) ,orC = 43/3 Therefore Q2+2 =

and we can solve for Q as an explicit function of t: Q(¢) = ,
31
t

where we have chosen the positive square root to be consistent with the initial
condition.

1. Letv = v(t) denote the velocity of the bullet at time ¢. Let V be the velocity of the bullet at
impact, D the final depth of penetration into the bale, and T the time required for achieving
D. We have ‘ji—'t’ = —ky/v, wherek is a positive constant of proportionality (the “coefficient of

2
friction”). We solve this separable equation to find thatv = %, where C is an arbitrary

constant. Assuming that v(0) = V and v(T) = 0 (boundary conditions), we can determine
the constants k and C: k = 2+/V/T and C = 2+/V. Therefore, v = (V/T?)(T — t)2 If we
let x denote the distance traveled by the bullet in the bale of cotton, then v = dt < and we
can integrate to get x = | %dt = [v(dt = [(V/T*)(T — t)?dt = (V/T?) [(T — t)%dt =
—(V/3T?*)(T — t)® + C*. Because x = 0 when ¢ = 0, we find that C* = VT/3. Also notice
that, because x(T) = D, we have C* = D(= VT/3). In our problem, T = 0.1 and D = 10.
Therefore, V = 3D/T = 300 ft./sec.

d n b+L" by — b —n+1
2. & =5 > f( e )dL = [dt =>f(aL ”+%)dL= [dt = a(L_n+1)+§ =t+C.
Since we can assume that L = 0 when t = 0, we see that C = 0. Therefore, we can write
1 bLl—"
- E(L + 1-n )
3. a. If we let p(x) = dy/dx, then dp/dx = d?y/dx* and the original equation becomes
d 1
N
_ 7\ _ 7 _
b. Then\/+_ kx+C1,ln(p+,/1+p> kx +Cr,p+/14+p? =

Czekx. Isolating the radlcal, squaring both sides, and solving for p, we find that p =
dy _ Cy kx 1 —kx

ax — 2 ¢ 26,¢

Integrating with respect tox, we gety = 57 Cpphvy 1 e e Cy = % (Czekx + Clze_kx) +
Cs. Note that since the original equation is of second-order, we get two arbitrary
constants in our solution. Also, if we had initial conditions or boundary conditions
thatwould allow us to concludethat C; = 1/C, = 1and C3 = 0, theresulting solution
curve would be given by y = % cosh(kx), a hyperbolic cosine whose graph is called a
catenary.

4. a. This is a separable equation: ‘fi—(t? =-¢= I —ifdt = In|Cl=-{+K =

IC| = Kze% = C = Kes . Since we are told that C = 14 mg/liter at t = 0, we
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b. Separating variables, we find that [

. The equilibrium solution occurs when —uC + D = 0—that is, when C = 2.

First-Order Differential Equations

can deduce that K = 14, so that the concentration at time t can be expressed as
C=C@t) = 14e% .

. . . . =t
. The concentration becomes ineffective when C < 5—that is, when 14¢% < 5. Now

l4es < 5= e5 < 5/14 = —t/6 < In(5/14) = t > —61n(5/14) ~ 6.18 hours.
Therefore a second injection should be given after about 6 hours.

. Mathematically, the fact that a second injection increases the concentration by 14

mg/liter means that we have a new initial condition: C(6) = 14e7%/° + 14 =
14e~! 4 14 = the concentration 6 hours after the first injection + the increase due to
the second injection. This says that the concentration t hours after the second injection
can be expressed as C = (14e™! + 14)e%. Now the concentration becomes ineffec-
tive when (14e~! 4 14)e" < 5, which implies that ¢ > —61In(5/(14e7! + 14)) ~
8.06 hours. So another injection is necessary about 8 hours after the second
injection.

. Undesirable side effects occur when the concentration exceeds 20 mg/liter. This trans-

lates into 14e© + 14 > 20 for the second injection. Solving the inequality gives us
t < —6In(3/7) =~ 5.08 hours, which means that we should wait at least 5 hours
before giving the second injection. The results of (b) and (d) say that there is an opti-
mal “window” between 5 and 6 hours during which the first injection is still effective
but a second injection won't be harmful.

m
—MdCC+D = [dt, which implies that —i In|D —
nCl =t + Ky, In|D — uC| = —put + K, |D — uC| = Kze™,D — uC = Ke™, so

that C = % - (%)e"”. The initial condition C = Cy when t = 0 gives us Cy =

C0) = % — <§>e0 = DH;K, allowing us to conclude that K = D — uCy. The final
formula for the concentration is C = % — (D_T“Co)e"”. Ast — oo,e " — (0, so that

C@) — 5 —-0= %, the equilibrium solution found in part (a).



2.2 Linear Equations

25

6. a. After separating variables, we have f% = [dt = f(ﬁ + I%)dP = [dt >
—Inj1 = P+ InlP| = t+ C1 = In| 125 | = 1+ C1 = | {Z| = Coet = 25 = Cel =

P= % You should note that P = 0 and P = 1 are equilibrium solutions (see part (a)
of Exercise C5), with P = 1 a singular solution.

b. Py = P(0) = C/(1+C) (from (a)) = C = Py/(1 —Py) = P(t) = @ =

1+( 1-Pg >el B

Poet _ e'Py _ Py Pp
TP = alperi0) ~ (porign)  Pot0 = last— oo.
c. From the last expression in part (b), it is clear that P(t) — 1 as t — oo, whether Py is
between 0 and 1 or is greater than 1. The only difference between the two cases is that
when 0 < Py < 1,P(t) — 1 from below as t — oo; while for Py > 1, P(t) — 1 from

above as t — oo. The equilibrium solution P = 1 is a sink.

LINEAR EQUATIONS

According to Ince [Ordinary Differential Equations (Dover, 1956)], investigations of linear
equations were underway before 1700. Ince attributes the development of the concept of the
integrating factor to Euler, even though the method had been applied by others earlier. The
general treatment of homogeneous linear equations with constant coefficients was begun
(according to Ince) with a 1739 letter from Euler to John Bernoulli.

Usually I treat the concept of linearity and the Superposition Principle lightly the first time
around, making connections with the familiar processes (transformations) of differentiation
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and integration. The Superposition Principle will be discussed further in Chapters 4
and 5.

The ideas presented in Exercise C3 are important. Alternatively, we can use the fact (already
stated in the text) that a first-order homogeneous linear equation is separable. After finding the
general solution y(x) of the homogeneous equation, suggest that a nonzero forcing term Q(x)
may be “reached” by considering a solution of the form y* = u(x) - y(x). Having the student
substitute this function in the nonhomogeneous equation and determine the function u(x)
is a good way to prepare him or her for the method of variation of parameters presented in
Section 4.4.

*The hint given for Exercise B6 should be deleted.

A

1.

10.

Y 42y =4x = integrating factor pu(x) = e/ 2% = ¢2* Then e2*(y' + 2y) = e** - 4x =
ey +2e2y = e¥ax = L[e?y] = 4xe® = ¥y = (2x —1)e*+C = y = 2x—1+Ce 2"
Note that the solution curves are asymptotic to the line y = 2x — 1 as ¢ tends to infinity.

Y+ 2xy = e = u(x) = o 2xdx
by u(x), we get d% [exzy] = x, which implies that exzy = —|— C ory= 2 5 - +Ce =
(% + C)e"‘

K42 = 3 = p@) = JUd = ¢

= Multiplying each side of the original equation

(P-1)% +Cox=8 -1 cet.
Y4y = cosx = u(x) = e/ 14 =¥ = %[exy] =é*cosx = 'y = %(sinx+c0sx)+C =
y= %(sinx+cosx)+Ce‘x.

ty/:—3y+t3—t2:>ty’+3y:t3—t2:>y’+(%)y:t2—t:>u(t):ef%dt:e“m:
6 5 3 2
P ddyl=r-t=dy=L-C+Cy=C-L+5

_ 1
Z—f=’—‘—52:>%+(Tl)x=—52:>u(s)=ef Sd5=1/5:>%[§]=_5:>’§‘=

S
—[sds=—s*/2+C=x=—5/2+Cs.

y =x(y —xcosx) = xy’ —x?cosx = xy’ — y =x2cosx =y + (ZL)y = xcosx = pux) =

1
of W =¥ = 1/ = A[V] = cosx = L = [cosxdx = sinx+C = y = xsinx+Cx.

(L+2) =29 = (1+27) =¥/ + (1+xz)y 12 o e = o ()

e—ln(1+x2)=1/(l ):>dx[ JZ ]—1=>

1 =x+C=y=(x+0O(1+x?).

St —x) = (142)e" = ¥ —x = (#)e = ) = e 71 = ¢t = deix] =

(#)=%+t=>e—fx=f(%+t)dt=ln|t|+t2/2+C=>x=ef(ln|t|+t2/2+C).

Q — (tant)Q = sect = p(t) = el ~tantdt — pln(cost) — cqq¢ — %[Qcost] =
Qcost = t+C = Q = £ The condition Q(0) = 0 implies that 0 = &£ = C/1=C

cost* cos(0)

so that our final answer is Q(t) = m =tsect.
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12.
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14.

15.

16.

17.

18.
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WAy—F =0y +y=coV+ Ly =9 s uw=e/ ¥ =x = Ly =

e =>ay=[efdv=e"+C=y= %. The 1n1t1al condition y(a) = b 1mp11es that

p = £+C &' tab—e"
a X

, 80 that C = ab — ¢* and we have y(x) =
clearly a shouldn't be 0.)

. (In the initial condition,

(x)) — Dlnx = 2y = lnx)y — 2y = Inx = y + (xlnx)y = % = ukx) =
1

[ gide _ -2 dx _ ,—2In(/Inx]) _ d[ - ]_ 1 _

e’ xl =e : =¢ lnx=>dx In? x _xlnzx fxlnx

[letting u = Inx, du = (1/x)dx] — lnx +C=y=Cln’x —Inx.
)/ +ay = PULIN pw(x) = efadx = ™ = i[eaxy] — o pmx e(a-Q—m)xeaxy _ fe(a+m)xdx _
emm)x + C, ifa+ m # 0—that is, if m # —a. For m # —a, we havey = a+m + Ce ™, If
m = —a, thene™y = [e@D%dx = [ 1dx = x+C, sothaty = xe”*+Ce ™ = (x+C)e~*.
[Note: A CAS that can solve ODEs may miss the need for an analysis of two cases.]

1-2x d _ _
Y+ (1 zx)y =1 = uk) = ef( 2 ) < _ ef(x 2-Lydx _ o 1-2Injx| _ xize—l/x =
;x[ e_l/xy] =Le = Loty = [ Lem/¥dx = [lettingu = —1/x,etc] = e~/ +
Cy=x?+ szel/x.

1 1
1))x =1= ult) = o/ e d f(m*?)df — plnlt+1=Inje| _

T
ST = L [tJrl x] =4 = By = (gt =r4+Injt] +C = x = (HLI) :
(t +In]t| + C). Now x(1) = 0 implies that 0 = <1+1)(1 +In1+C), so that C = —1
and x(t) = (%)(t +Injt] —1).

The equation y = (2x + %)y’ is nonlinear in y. But if we think of y as the indepen-
dent variable and x as the dependent variable, we can write y = (2x —i—yﬂ%,ydx =
(2x + y3)dy,ydy = 2x+3, ydy —2x =3, Z’y‘ (‘72)x = y?, which is a linear equation

gdy

in x. Then pu(y) = ¢/ 77 :y—zz>d—y[;]:l:}f—zzfldyzy+C:>x=y3+Cy2.

x(e” —y’) = 2: Unlike the situation in Exercise 16, just switching the roles of y and x
doesn’t work. The resulting equation would not be linear in either x or y. Noticing that
(e_)’)/ = —y'e”?, we can multiply each side of the differential equation by e~ to get

x(1 —e7?y') = 2e77. Making the substitution z = e~V gives us x(l + %) = 2z, x—i—x% =
2zl, xﬁ — 2z = —x, and % + (_Tz)z = —1, a linear equation in z. An integrating factor is
e —xdx — xiz.Thereforewehave %[ﬁ] —3% = x% = f—édx = %+C =z =x+Cx?,
ore”’ =x+Cx? =y =—In(x+ Cx?).

y(x) = foy(t)dt+x+l = d” = y(x)+1 - 4 — —y=1= ukx) = e —ldx — g
;—x[e_"y] =e =ty = fe Ydx = —e 7 + C = y = Ce* — 1. But there is an implied
initial condition here: y(0) = 1. (See formula (1.2.1) in Chapter 1.) Therefore, 1 = y(0) =
Ce® — 1 = C = 2, so that the solution is y = 2¢* — 1. [Try any other value of C and see
that the function doesn't satisfy the original equation.]
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1.y = 3y —6ty?, ory + (—3)y = —61y*: Here n = 2. Divide both sides by y? to get
y~2y + (F2)y~! = —6t. Lettingz = y'~2 = y~!, we have & = —y~2. %, so that the
equation becomes — dz+(—%)z = —6t,or %+(%)z = 6t, linearin z. Now ,u(t) = ef%dt =
t4, so that we have 4[t*z] = 61°, 1%z = [61%dt =1°+ C,z = tt—ﬁc,y
thaty=0isa singular solution.

2. & = Ix+ /x, or dt + (=« —x7. Letz=x!"7 = x3.

= tord ()=

fé, so that we have %[\iﬁ] = %ﬁ =1t 2 and \iﬁ =/ %t’%dt = 2 + C. Therefore, z =
t+C+/f and, replacingz by x7, we getx? = t+Cy/%, orx = (t+ C\/f)2 — 242Ct2 +C2t.
Since we divided by x%, we check and see that x = 0 is a singular solution.

3. % +y=xp’: Heren = 3, so that weletz = y' 3 = y 2 and £ = —2y‘3%. Dividing

= zx 2dx 9 by the Chaln
.Now u(t) = el =2

—
=
o
=}

Il SR

Rule. Dividing byx 2, we get zg_f +(

: f o : -3 dy -2 _ 1dz _
both sides of the original equation by y3, we get y +ty T =xo0r—57+z=
X, dx — 2z = —2x, so that pu(x) = e/ =24 = ¢=2% Then 4 £ [e’zx ]= er’2 ,ore %z =
[ - 2xe‘2xdx = 3¢ %(2x+ 1) + C, so thatz = 3(2x + 1) + Ce*™ = x + § + Ce** and
L=x + + Cezx, ory = £l Note that y = 0 is a singular solutlon

Jx+E+Ce2

4.y +xy = Jy: Heren = 1/2. Letz = y'~2 =

‘<

1 .
) that L _ ;y’ijy Now divide

Vi, s
both sides of the original equation by /y : y~ %d + xy2 =1, or Zdz +xz = 1, and
xz 2
g—§+(§) Nowu(x)—ef dx—e4 = & [ 4z]=%e4 :eTz=fjerx+Cé
.x2 x x2 x2 .x2 X2
z=42e T [eTdx+ Ce 7.Replacingz by ./, weget /)y = ¢~ 7 [eTdx+ Ce T, 0r
2
y=te xz(fe4dx+2C> .
5.y = 2ty +ty?: Heren = 2. Let z = y'=2 = y~!, so that 2 = —y~2)’. The original
/
equation becomes z’ + 2tz = —t. Now u(t) = e/ 2tdt = e’ = [etzz] — —te’ = e’z =
f —te’di+C=z=e" i —te’dx + Ce™"* = -3 —tCe“z. Replacing z by y~!, we get
-1__1 -2 ., _ 1 _ 2 _ _2¢
yo=-3t Ce™y —%+Ce*’2 —142Ce* 2C—e?”
6. y' = x3y?+xy: We can write thisasy’ —xy = x3y2. Now divide by y to gety_zy/ —xy~!
Letz =y~ !.Thenz = —y~?)’ and the equation becomes —z’ —xz = x>, orz' 4+-xz = —x3.
xz x2 ! x2
Now p(x) = e/ *¥ = ¢7 and [622] =—x3e7.

x2 x2
Thusezz = [ —x3eZdx = (2 — x? )ez +Csoz=2—x2+Ce 2 Replacmgzbyy 1

2

2 x?
wegety ! =2—-x?4+Ce 2, ory = — = e
Ce 2~ 7x2+2 (2—x2)e 7 +C

7. a W — oqw3 — gw, W 4 gW — qW3: Here n = 2/3. Lettingz = W'™5 = W5

and dividing both sides of the ODE by w3 gives us the new equation W~ %d_w +
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1 . —£
BW3 = «. Noting that % = 1W dV;/, we can wrlte this last equation as 3 : +
B ﬁ
Bz = a, or Zf + (§>z = §, so that u(t) = el 5 — o5 Now %[mz] = %e3 =

5z = f 3e3dt /—ge% +C=>z= % rce s, Replacing z by W3, we find that

3

Wi=gtce S orwn = (§+Ce )
o _ e (@ _B\3 ﬁ3_<2)3
b. Woo = lim Wi = lim (§ +Ce™%) = (5 +C- tlir?oe ) =(5)"

C. W(0)=0=0=W(©) = (% + Ce0> - (% + c) = C = —%. Therefore W(1) =
Bt

3 3 3 3
(535 =(5) () =i ).

R

d.

t

8. Suppose we have the homogeneous linear equation al(x)% + ap(x)y = 0. Dividing by
ai(x), we get d Z?g;y 0, i’; = —Z‘l’—g;y, % = —(Z(l’—g;)dx, so that the equation is
separable.

9. a. LA 4 RI=E= 4 4 (B
(f)t = f’f (f)t = %e( )t +C=1= f; +Ce_(%)t Now the wording of the
E

problem suggests that (0) = 0, so that 0 =1(0) = z + Ce® = C = —%. Therefore,
I(t) = £, (B)_ 1 ~(#)r
(t) = E — Re = R —e .

b. lim I(t) = lim }%(1 - e_(f)t> (1 — lime (}Lz)t> = %.

- L

Eo iy =ef 1 = e(%)t = %[e(fyl] - Ee(%>t =

==

t—>00
c. By ”ﬁnal value, we mean the value E/R found in (b). Now we want I = %g, or%g =
(R (B —(®) ;R R,
§<1—e (L)),sothatjzl—e(L),e (L):T_I =In(}) = 2,3t =

In2,and t = %lnz.

d. Using the general solution found in part (a), we see that I[(0) = % =
g(l — Ceo) = % + C*, implying that C* = 0. Therefore I(t) = %, which we realize
is the equilibrium solution (see Exercise C5(a) in Exercises 2.1) of the autonomous
equation.
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10, a RIQ 4 Q_p— 994 (L)Q=F = pu@t) = of ol = erc i%[e%Q]zEei =
ercQ = [ Eefcdt = ERCe™ + K = Q = ¢~ C (ERCeRT‘ n K) — ERC + Ke7c. Then
0 = Q(0) = ERC + Ke® = ERC + K = K = —ERC = Q(1) = ERC(I - e—%).
b. The “final” valueis calculated as tlggo Q(t) = ERC. Wewant ERC/2 = ERC(1 — e~'/RC),
which implies e—t/RC =1/2,—t/RC =1In(1/2), and t = RC In2 ~ 0.693RC.

11. The equation istQ = Eg sin(wt), with Q(0) = 0. Then + (2)Q = EO sin(ot) =
w(t) = efRic — eTC = [eRCQ] = EOeRC sin(wt) = eRCQ =k feRC sm(a)t)dt
t
Eg ) RCeRC [sin(wt) —wRC cos(wt)] _} EoClIsin(wt)—wRC cos(wt)] —L
R { T-H(RCw)? } + K, so that Q(t) = { I+ (RCa)? } + Ke™®c. Now
_ __ EoCl0—wRC] _ wEQRC? wEQRC?
= Q) = Hrreor K = —15gcop + K so that K = {2275 and Q1) =
EoClsin(ot)—wRC cos(wt)] wEgRC? —-L _ EoC _
TH(RCw)? T Thkeaz® € = m{sm(a’ﬂ ®RC cos(wt) + wRCe™ e ]

12. a. For 0 < t < T, the equation is ‘;—f + (% + A)S =7A. Letb = % + A. Then u(t) =

el bdt — " and we have dIhS] = ebrA = oMS = rA [eMdr = et +C =

S@t) = + Ce ™" foro <t <T. Letting So = S(0), we get Sp = ﬂ + C, so that
C:So——andS(t)— ﬁ (So ) —bt (*)for0 <t <T. Nowfort> T,A=0
and the equation becomes 4 E + 1S =0, or ‘35 = —\S, which is separable and

has solution S = ke ™. Att = T, let S = St, so that S = ke~ (**). Hence for

t>T,S8@t) = Spe=*=D_ From (*) we see that S has the value % + (So - %)e‘”.

Combining (*) and (**) and substituting for b, we get the formula for predicted sales:
A\ ()
+{So— 2~ ]e forO<t<T
S(t) = (MH) (5+2) .
Sre =D fort>T
b. ChoosingA = 1000,7 = 10,A = 0.1,Sy = 20000, Sy = 36000, M = 60000, and
T = 10, we have the following graph:

13. a. % = v—(u+v)p, or %—F(M—kv)p = v: Here the integrating factor is e/ (“TV)dt = gtV
so that £ )tp] = vel+)t, g4ty = [yelutviigy, e(‘“'””p = i eI C, and

p(t) = ﬁ + Ce~ (W Letting pg = p(0), we get py =

u+v + C - €%, implying that
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[1 — e—(u+t})t] +

C=po— M_”H). Therefore p(t) = uiv + ( j_v)e—(ll«-i-l/)t _

Y
poe~ WVt Note that p(t) = o is an equilibrium solution: If po = A, then
p(t) stays at this value forever. Since q(t) = 1 — p(t) and g0 = 1 — po, we have
gt = 1 — {;Hrv[l — e~ (t] +p0e—(u+V)t} = A+ <q0 _ _) —(utr —

,u+v[1 —_e (u+v)t] + qoe” (n+v)t

b. Since e~V — 0ast — oo, clearly p(t) — v/(u+v) and ¢(t) — 1/ (u +v). Notice
that both these equilibrium gene frequencies are equilibrium solutions (sinks) for

the autonomous differential equation.

14. a. W+ K@® = rV = Y —r(V = —K(®). Ordinarily we would write the inte-

T
grating factor as u(t) = e~ /T byt note that w(t) =e” Jrr@ds — of; 1@ g ap
integrating factor since % () = —r(e= 1O — _p)(t). Then 4 [efr ”va]
T T T
_ef[ r(x)de(t) = eft rdxy — _le K(u)efu T(x)dxdu+c — ft K(u)efu T(x)dxdu+c =

V = e S reods ftT K(u)efuT T gy 4+ Ce™ I r(dx Letting t = T, the initial con-
dition V(T) = Z implies that Z = e° - 0 4 Ce® or C = Z. Therefore V(1) =
o= i reodx .ftT K(u)er/;f rdx gy 4 Zo— [l rdx — = [ r(odx (Z + sz K(u)eful r(x)dxdu).

b. IfK(t) = 0, then V(t) = Ze~ i r@dx,

Cc

1.y + a(x)y = b(x)y™: Let y = u/0=M n £ 0,1. Then y/ = ﬁullfn_lu’ =
" /<

yn/a-n
1—-n

u + a@x)u/0=" = p)u™ =™ Now divide both sides by
" to getu + (1 — n)a(x)u(x) = (1 — n)b(x), a linear equation.
2. ThlS is a Bernoulli equation. If we divide both sides by I2, we get I724 — k(Py +

Substltutlng, we get
n/<

mi-t = —k Lettlng z = I7!, we have % = —1_2%, SO our orlglnal equa-
tion becomes _E k(Py + rt)z = —k, or dtk(Po + rt)z = k, a linear equation.
Then () = efkPotmdt —  GkPor+(1/2kt 4 4 I:efk(Po+rt)dtZ] — hekPot+(1/2)krt?
ekP0t+(1/2)krt2Z _ kfekpot+(1/2)kn2dt +C = kfotekpou+(1/2)km2du +C and z =

—[kP0t+<1/2)k”2](k Jy ot (/D gy 4 C). Now z(0) = 1(0)"! = 1/I = ¢°(0 + C), 50

C = 1/Ip and z = e_[kpo”r(l/z)kﬂz](% +kf0t ekp°“+(1/2)k”‘2du>. Inverting, we find that

I = % _ ekpoz+(1/2)kn2<% + kfot ekPou+(1/2)kru2du)7l
3. a. If Q(x) = 0, then the equation has the form = d = + Py = 0, or d—z = —P(x)y, so
that we can separate the variables and get dyy = —P(x)dx. Integrating, we get In |y| =
— [P(x)dx + Cy, so that |y| = Cye™ /P®¥ and y = Ce~ /PWd This is the general
solution, ycu, of the homogeneous equation.
b. Lettingy(x) = e~/ PO, [ o/ POdxQ(x)dx, we see (Product Rule and FTC) that dy/dx =
e~ fP(x)dx . efP(x)de(x) _ P(x)e—fP(x)dx . fefP(x)de(x)dx — Q(JC) _ P(x)e— fP(x)dx X
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[ el PWEQE)dx and dy/dx + P(x)y = Q(x) — P(x)e™ [ PWd . [ o[ POdEQ(x)dx +

P(x) - (e~ /PWdx [ o/ P@dxQ(x)dx) = Q(x), so that y(x) is a particular solution of
( y P

the nonhomogeneous equation. Thus formula (2.2.2) can be expressed as yoni =

YGH + VPNH-
c. Since L(y) = dy + P(x)y is a linear operator, the Superposition Principle yields

L(yenn) = L(yeu + yenn) = L(yen) + L(yenn) = 0+ Q(x) = Q(x), as expected.

COMPARTMENT PROBLEMS

I consider compartment (or mixing) problems important illustrations of the power of lin-
ear ODEs. Students often have difficulties with these kinds of “word problems,” but usually
find them interesting. As is obvious from Examples 2.3.1-2.3.3, I emphasize the units of
measurement involved in such problems.

A

net growth rate

O —bpt) —dpt) = b —d)  p0).

Suppose d = ap(t), where « is a constant. Then we have dp(t) = bp(t) — (ap(t)) - p(t) =
P —ap(t)) = bp(1)(1 — §p(®)).

Suppose b = Bp(t), where § is a constant. Then we have dp(t) = Bp(t) - p(t) — dp(t) =
pOBEP®) —d) = pp(o) (p() — 4).

p(t) = rate of inflow — rate of outflow = [bp(t) + I(t)] — dp(t) = (b — d)p(t) + L.

a L —kp—at = L kP = —at = pu@) = o/ H = ¢k 5 dlekp], =

dt
ekt — g~kip — —ozfte_k‘dt _ _O[(,Z;kr(l +kt)) +C=>P= %f + I% + Celt.
Now P(0) = 1.285 = 1.285 = ”‘ + C,orC = 1.285 — k2' so that we can write
-3 -
the solution as P = ¢ + & + (1 285 — ) fo — (L60625X107) | 1.60625x10°3 |

0.0355 (0.0355)2
(1 285 — %) 0.0355 A, (0.0452¢ + 1.275) + 0.01045¢0-0355¢

_ _ (1.60625x107%)(20) | 1.60625x10~3
b. In the year 2010, t = 20. Then P(20) = 50553 + (0'03;5)2 +

(1 285 — %) ¢0-035520) — 2 200736130 ~ 2,200,736 people.

. First note that the volume of material in the tank changes with time. Then

net rate = rate of inflow - rate of outflow, so that the volume of mixture in the tank is
increasing at the net rate of 4 gal/min — 3 gal/min = 1 gal/min. This says that dV /dt = 1,
so that V(t) =t + C. Since V(0) = 50 gal, we have V(t) = t + 50. If we let Q(t) denote the
quantity of potassium (in grams) in the tank at time t, with Q(0) = 0, then the concentration
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in the tank at time ¢ is Q/(t + 50), in units of gm/gal. Therefore we have
dQ _ (48 oEm) _ (58 QW gm)
dt min gal min ¢+ 50 gal
—

net rate of change of potassium in tank (gm/min) | 4¢e of inflow (gm/min) rate of outflow (gm/min)

so that we have dQ + ( )Q = 40, a linear equation with integrating factor u(t) =

t+50
o/ Tt = (t + 50)3. Then 4[(t +50)Q] = 40(t + 50)3, so that (t + 50)3Q = [ 40(t +

4 . .o . .- .
50)3dt = 10(t+50)*+C, orQ(t) = % = 10(t+50)+(t+50)3 . Theinitial condition
4
Q(0) = 0 = 0 = 10(50) + 50)3, so that C = —10(50)* and Q(t) = 10( + 50) — ;:1(23;3

Since V(t) = t 4+ 50 and the tank holds 100 gallons, the tank will be full when t = 50.

Then Q(50) = 10(50 + 50) — (;gfg()); = 937.5 gms and the concentration of potassium
937.5 gms

ool = 2375 gms/gal.

3. Let A(t) denote the amount of salt in the tank after ¢ minutes. Since the tank is ini-
tially full of pure water, A(0) = 0. The rate at which salt is being added to the tank is
(1 1b/gal)(1 gal/min) = % Ib/min. The rate (2 gal/min) at which both pure water and
brine are entering the tank is equal to the rate at which the mixture is being removed,
so that at any time ¢ the amount of liquid in the tank is constant at 100 gallons. Then

the concentration of salt in solution in the tank is expressed as A(t)/100. Consequently,
A@® Ib )(2 gal ) _ A® b
100 gal min / — 50 min”

Since net rate =rate of inflow - rate of outflow, we have the IVP fi_/? = % - ‘%, A(0) = 0.

We can write the equation in the standard form of a linear equation: ‘fi’;\ + 510A(t) = 41'1'

at this time is

the rate at which salt is being removed from the tank is then (

which has an integrating factor u(t) = e/ 9% = ¢%. Then —[eSOA] = —eSO, so that
e A =1 feso dt = —e50 +C,orA(t) = 5~|—Ce 50, The initial condition A(0) = 0implies
that 0 = A(0) = 2 + C, so that C = —25/2 and A(t) = 2 — Le~5 = %(1 - e—%).
[Note: The differential equation can also be solved as a separable equation. |

4. a. IfX(t) is the amount (in grams, for example) of chlorine in solution at time ¢, then the

rate at which chlorine is entering the tank is (0.01gm/gal)(2gal/sec) = 2/100gm/sec
and the rate at which chlorine is leaving is

X gm 3 gal\  3X gm
200 — t gal sec/ 200 —tsec’

Note that the net amount of liquid in the tank is changing at the rate 2 gal/sec —

3 gal/sec = —1 gal/sec, so that the amount of liquid in the tank at any time t is given
by 200 — ¢. Using the principle net rate = rate of inflow — rate of outflow, we get the
equation

dx 2 3X dX 3 2
—_— = — , or — + X=—
dt 100 200 —t¢ dt 200 —t 100
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Multiplying by the integrating factor e/ o=l — ¢=3In(200-0 _ (200 — £)~3 and
integrating, we get X(t) = ﬁ(200 — 1)+ C(200 — t)3.

: _ __ 200 3 _ 200 _ 2
Since X(0) = 0, we find that 0 = 55 + C(200)°, or C = 062007 = — @o0)

Therefore X(t) = ﬁ(200 —t) — ﬁ(zoo — t)3. Now the tank is half full when
200 —t = 100, or t = 100, so that the concentration of chlorine at this time is

X(100) __ 100 2(100)°  _ _ i
00 = 10000 ~ Tooo0y — 0-0075 = 0.75% solution.

b. When the tank is half full, it contains 100 gallons. If 100 gallons of 1% solution is
added, then 1 gram (= 100 gal x 0.01 gm/gal) is added to the % gram (= 100 gal x
0.0075 gm/gal), making a total of 1.75 grams of chlorine in the 200 gallon tank,
resulting in a concentration of 1.75/200 = 0.00875 gm/gal = 0.875%.

5. a. Because liquid is running into the tank at the rate of 3 gal/min and running out of
the tank at the rate of 2 gal/min, the net effect is that the tank is increasing its liquid
content at the rate of 1 gal/min. Thus at time ¢(in minutes), the tank has 50+t gallons
of liquid. After 50 minutes, the tank contains 50 + 50 = 100 gallons of liquid.

b. The rate of inflow of the salt (in pounds per minute) is 2 Ibs/gal x 3 gal/min =
6 Ibs/min. If Q(t) denotes the quantity (pounds) of salt in the tank at time ¢, then
the rate at which salt is leaving the tank (the rate of outflow) is given by 2 gal/min x
Q(t)/(50 + t) Ibs/gal = 2Q(t)/(50 + t) Ibs/min. Thus the differential equation is

‘fi—? =6— %, a linear equation which can be written as ‘Z—? + (ﬁ)() = 6. The

integrating factor is ju(t) = e- sordt — (50+1)2. Then %[(50 +10?Q] = 6(50+1)?, so
(50+1)?Q =6 [(50+1)?dt = 2(50+1)> + C and Q = 2(50 + 1) + C(50 + 1) 2. Since
Q(0) = 0, we find that C = —2(50%). When t = 50, Q = 2(50 + 50) — 2(503)(50 +
50)~2 = 200 — 25 = 175 pounds.

6. Note that the rate of inflow of the salt is 0 Ibs/min because only fresh (pure) water enters
the tank. The volume of fluid in the tank at time ¢ is (100 + t) gallons since the net rate of
increase of the initial fluid in the tank is (3 — 2) gallons per minute. Now let Q(t) denote
the amount of salt (in pounds) in solution at time t. Then dQ/dt = —2Q/(100 + ¢) since
2 gal/min of the mixture runs out. Separating the variables and integrating, we get In Q =
—21n(100 + 1) + C. Since Q(0) = 75, we find that C = In [75(100%)]. Exponentiating, we
conclude that Q(t) = 75(100%)/(100 + t)?. When t = 1.5 hours = 90 minutes, we have
Q ~ 20.8 Ibs.

7. Let Q(t) be the amount of the pollutant in the pool at time t. When t = 0, Q = 20. We
want Q to be less than 1. If we leave the pool filled and flush it with pure water, Then
dQ/dt = —100Q/10%, which has the solution Q = Ce™/1°°. We have C = 20, so asking
for Q = 1 gives us t &~ 300 minutes ~ 5 hours.

If we, instead, empty the pool to the halfway point without adding more water (thereby
removing half the pollutant), which takes 50 minutes, and then start the flushing policy,
we have the equation dQ/dt = —100Q/5000 with initial condition Q(0) = 10. This has
the solution Q(t) = 10e~/°%; and Q reaches 1 when t ~ 115.13 minutes. The total time
will then be 165.12 minutes, which saves about 2.2 hours over the other method. Refilling
would take 50 more minutes.
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8. If all new employees were women, the differential equation would be ¢ 7 = 50 —
(5o92s5; ) W, which leads to W (¢) = (6000 — 501) + C(6000 — 501)2. Now W () = 1500

when t = 0, so that C = —1/8000. Then when t = 40, W(t) = 2000, which is one-half,
or 50%, of the staff at that time.

1. Let X(t) denote the concentration (in gm/cm3) of drugs in the organ at time t. Then
X(0) = 0 and we want X(t) < cmax. The amount of the drug entering the organ is given
by ( Sec) X (c%) = rc gm/sec and the amount leaving is (r%) (X(t) Cm3> =
7X(t) gm/sec. Since the amount of the drug in the organ is given by VX, where V is the

constant volume of the organ, we have the following linear equation balancing inflow
and outflow:

d(VX) X dX+<r>X rc
— =rc—1X, 01 —+(=)X=—.
dt dt |4 14
Using the integrating factor e/ v¥' = ¢/V, we find that X(t) = ¢ + Ke~™/V. The condi-
tion X(0) = 0 yields K = —¢, so that X(t) = ¢ — ce™/V = ¢(1 —e™™/V). Then X(1) =
c(1—e™V) <cmax = 1 — @ <V = In(1 — @) < I = p(Sa) < 2 =
—In(Sm) > 2 In 1 — In(S) > 1o 1n(c_;m) >mq< ¥1n(c_gmx).
2. Let Q(t) denote the amount of salt (in pounds) in the tank at time ¢ (in minutes). Note
that the volume of fluid in the tank is not constant: At t = 0, the volume is 50, while at

timet > 0 itis 50 + 5t. The description of the inflow and the outflow yields the equation
dQ/dt = (4) - 1 — 3Q/(50 + 5¢). We note that Q(0) = (50) - 3 = 50/3 pounds.

Overflow occurs when t = 10, so we want the value of Q when t = 10. The differential
equation is linear, so we solve in the usual way: (1) = (50+51)3/°, 4 £[(50+50)35Q)] =
2(50 + 56)3/5,Q(t) = 1(50 + 51) + C(50 + 5¢)~3/>. Using the initial condition, we find
that C = (50)8/5/12. Then Q(t) = 4(50 +50) + B2 (50 4 50)73/5 and Q(10) = 1(50 +
50) + 892 (50 + 50)73/5 = 25 +
is 27.749/100 = 0.2775 lb/gal.

5 (2)3 5 R 27.749 lbs. Thus the concentration at overflow

SLOPE FIELDS

Slope fields, or direction fields, are fundamental to a geometrical (qualitative) interpretation
of first-order differential equations. Students should be encouraged to get some graph paper
and construct some slope fields by hand, using isoclines as suggested in the text. Graphing
calculators can be programmed to produce slope fields. In Maple, the often-used command
Deplot will give a slope field and, if initial conditions are provided, will produce solution
curves. The corresponding instruction PlotVectorField does the trick in Mathematica.
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Autonomous equations represent physical systems whose rules of evolution do not change
with time. A nonautonomous system is also called a time-dependent system. Autonomous
equations are relatively easy to analyze qualitatively because the solution curves suggested by
the lineal elements do not intersect one another. Put another way, autonomous equations
are characterized by their invariance with respect to all translations t' = t + ¢ of the time axis.
This is the point of Exercise C1.

Example 2.4.3 and Exercise B7 are inspired by material produced by the Boston University
Differential Equations Project. The logistic equation appears in Exercise B8(b). Exercise B9
comes from the classic text by Agnew, where the equation is described as having arisen in a

physics problem.
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Some solution curves have vertical asymptotes.
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17.
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18. The isoclines are the curves defined by dy/dt = C, where C is a constant. In this case
wehave (y +1)/(y —t) =C,y+t=C(y —t) = Cy — Ct, so thaty — Cy = —t — Ct, or
y = —((1+ C)/(1 — C)t. For C # 1, this describes a one-parameter family of straight
lines through the origin. For C = 1, we get the y-axis as the isocline.

19. The equations in Exercises 4, 5, 8, and 14 are autonomous: In each case the independent
variable does not appear explicitly.
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For ¢ < 0, the slope field looks like

3. —ﬁ:Cim=C2:>1+t2+y2=(%)2:>t2+y2=(%)2—1.Thusthe

L . . 2
isoclines are circles of radius (é) — 1, where 0 < |C| < 1.

4, xy% =92 —x?= % = yz;yxz/ and % = 0 = y?2 = x? = y = £x. Thus the nullclines
are straight lines through the origin with slopes £1. Actually, the origin must be omitted
because of the potential division by zero.

5. In Exercise B1, we have % = k(a — x)(B — x), so % =0ifand only ifx = ¢ orx = 8.

6. Equation (a) is nonautonomous. Therefore along any horizontal line y = k in the slope
field, the slopes will change as the value of t changes. Equation (b) is also nonautonomous,
but the slope field depends only on the value of the independent variable t. Here every
solution curve has the form y = ftg f(x)dx + yo. Equation (c) is autonomous, so that along
any horizontal line y = k in the slope field, the slopes will be constant.

7. Equation (1) is autonomous and can only match slope field (C) or (D). Noting that
dy/dt = 0 only for y = —1, we conclude that (1) matches (C). We can also see that
dy/dt < 0fory < —1, again giving us (C) as the match. Equation (2) is nonautonomous,
giving us (A) or (B) as the only possible matches. Since dy/dt = 0 only fory = t, we
look for horizontal “steps” along this line through the origin. Slope field (A) has this
feature. We also note that dy/dt > 0 fory > t and dy/dt < O for y < t, a feature present
in slope field (A). Equation (3) is nonautonomous, with the vertical line t = —1 as its
only nullcline. Furthermore, by integrating both sides of the equation with respect to t,
we find that the solutions are the parabolas y = t?/2 +t + C. Only slope field (B) has
the two features described.
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If the initial point is above the t-axis (i.e., y(tp) = yo < 0), then y — oo as t — oo.
If the initial point is on the t-axis, the solution curve is the t-axis—that is, y(t) = 0
for all values of t. Finally, if the initial point is below the t-axis, then y — —o0 as
[ — 00.
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If the initial value of P, Py, is above 1, then P — 1 ast — o0o0. For0 < Py < 1, we
have P — 1ast — oco.If Pg < 0, then P - —oco ast — oo.
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A careful examination of the slope field reveals that when y(0) < 1/2, we seem to
have y(t) - —oo as t — oo and when y(0) > 1/2 we have y(t) - co ast — oo.
When y(0) = 1/2, the solutions tend to 0.
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2.4 Slope Fields a

Some solutions seem to be unbounded (positively or negatively) as t tends to infinity,
while others seem to be periodic. The initial condition is essential in determining

which of these behaviors to expect.

The slope field indicates that any solution must be an increasing function. Analytically,
the fact that exp(—2xy) is always positive tells us this. Some solutions in the second
quadrant seem to have vertical asymptotes, so that they “blow up in finite time,” while
other solutions starting out in this area flatten out (approach some finite value asymp-
totically) as they pass through the first quadrant. Solutions with initial points in the
third quadrant are almost flat until they pass into the first or fourth quadrants. Starting
out in the fourth quadrant, a solution will start out having a very large slope, but will
move into the first quadrant and approach a positive finite value asymptotically. Overall
then, we see that as x — 0o, we have both y — oo and y — 4, where a is a positive real
number. As x — —oo (i.e., as we look at the slope field from right to left), we see that
y—>ooory— 0.
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10. a.
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b. x(t) > last - o0

c. x(t) > last — o©

d. x(t) > —last —> o

e. x(t) > —last — o0

C

1. Suppose that x = ¢(¢) is a solution of the autonomous equation dx/dt = f(x) = f(x(¢)).
Now Consider y(t) = ¢(t + k), where k is any real number. Then y'(t) = [¢(t + k)] =
P+h)-C+k) =¢t+k) =f(pit+k)=f(y®), soy) is also a solution.

2. Since cost = sin (t + %), we use Exercise C1 (with k = /2) to conclude that cost is also
a solution of the autonomous equation.

PHASE LINES AND PHASE PORTRAITS

Phase lines and phase portraits are important qualitative tools for studying autonomous first-
order differential equations. The extension of these ideas to autonomous systems of differential
equations is given in Section 4.7.

The logistic equation is an important model that seems to have treated by anyone who has
ever written about ODEs. The treatment I give is appropriate for a calculus course once the
significance of the second derivative has been established.

<It's useful to look at the slope fields for the equations in Exercises 1-12 as a check.>

A

1. We have dy/dt = y> — 1 = (y + 1)(y — 1), so that the critical points are y = —1 and
y = 1. These points split the y-axis into three intervals: —co <y < —1,—-1 <y < 1,
and 1 <y < o0.Ify < —1, thendy/dt > 0.If =1 < y < 1, then dy/dt < 0. Finally, for
y > 1,dy/dt > 0. The resulting phase portrait is

-1 1

> < >
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2. Here we see thaty = 0 and y = 1 are the critical points. Since y’ is the product of squared
expressions, we have y’ > 0 for all values of y other than 0 and 1 Thus the phase portrait
looks like

0 1

> > >

3. The critical points are x = —1 and x = 3. In the subinterval x < —1,x" > 0. In the
subinterval —1 < x < 3,x" < 0. For x > 3, we have x’ > 0:

-1 3

> < >

4. The function cosx is zero at odd multiples of 7/2—that is, at points of the form
2k 4+ 1)7/2,k = 0,£1, £2, . ... Looking at the graph of cosx, we see (for example) that
x' > 0 on theintervals ..., (=57/2, —37/2), (—n/2,/2), Bn/2,57/2),...and ¥’ <0 on
the intervals ..., (—=3n/2, —n/2), (/2,37/2), (57/2,77/2),.... Using the fact that the
cosine is an even function (i.e., cos(—x) = cosx) so that its graph is symmetric about the
y-axis, we can express our observations neatly as follows: x* > 0 on the intervals
(—7/242km, /24 2k7), k = 0, £1,£2,...andx’ < 0 on theintervals (/2 +2kx, 37/2+
2km),k =0,%£1,+£2,.... The resulting phase portrait is

—m/2 /2 3m/2 S5m/2 T/2 9m/2 117/2

5. We have critical points where ¢V = 1—that is, when y = 0. Fory < 0,9y’ < 0; while for
y > 0, we have y’ > 0:

0
< >

6. The critical points arey = 0,1, and 2. Fory < 0,y < 0. For0 <y < 1,y > 0. For
1<y<2,9 <0.Fory > 2,y > 0. The phase portrait is

0 1 2
—< > < >

7. This is similar to Exercise 4. The critical points are y = kmxr, where k = 0, £1,+2,....
Examination of the graph of the sine reveals that y’ > 0 on the intervals 2k, 2k +
n),k=0,%+1,%2,...and y’ < 0 on the intervals ((2k — 1)7, 2km), k = 0, +1,+2, ...

=37 =2 - 0 T 2 3

< —<—> < >
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10.

11.

12.

13.

14.

15.

. Technically, there is no critical point for this equation sincex’ = 1 —x/(14x) = 1/(1+x)

is never zero. However, we can see that x’ fails to exist x = —1, so that we can focus on
this point. We see that x’ > 0 forx > —1 and x’ < 0 forx < —1:

< >
. The only critical point is y = 0. It is easy to see that y’ > 0 when y > 0 and y’ < 0 when
y <0:
0
4 “—>

The critical points are those values of y for which either sin y = 0 or cosy = 0. This is the
set of values given by y = kn/2,k = 0, £1, £2, .. .. If we look at the graph of siny cosy,
we see that j > 0 on the intervals (kr, (k 4+ )7),k = 0,+1,42,... and y < 0 on the
intervals ((k — %)n, ki), k=0,%+1,£2,...

=21 —37/2 —ar —7r/2

0
> <+—>

T 37/2 2

2
<+—>

/.

The critical points are x = 0, 1, and 3. Forx < 0,dx/dt > 0. For 0 < x < 1,dx/dt < O.
For 1 < x < 3, we have dx/dt > 0. Finally, for x > 3, dx/dt < 0. The phase portrait is

0 1 3
—> < > <
The critical points arey = —2, 0, and 2. Fory < —2,dy/dt < 0. For =2 < y < 0, we have
dy/dt > 0.For 0 <y < 2,dy/dt < 0. Fory > 2,dy/dt > 0. The phase portrait is

2 0 2
< > < >

The only critical pointis x = 0. If x < 0,dx/dt < 0. If x > 0, we have dx/dt < 0 again.
The phase portrait is

0
< : <

From the phase portrait in Exercise 11, we see that if the population x(t) falls below 1
(hundred, thousand, million,...), then x(t) — 0 as t — oo—that is, the creatures being
modeled become extinct.

a. There are no critical points because —% < % cosx < % for all values of x. Thus x > 0
for all values of x. The phase portrait is

> > >
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b. All solutions are monotonically increasing. (You can also examine the slope field of
this autonomous equation.)
16.

a=0 a>0 a<0

B

1. a. We can rewrite the equation as % = 24 — 20I. Setting the derivative equal to zero, we
see that the only critical pointisI = 6/5 = 1.2. When I < 1.2, we have % > 0; and
when I > 1.2, we see that % < 0. The phase portrait is

1.2

p——«¢

b. If the initial current, I(0), is 3 amps, it is to the right of the critical point, so that the
current tends to decrease toward 1.2 amps as ¢ gets larger.
2. a. We have % = k(250 — x)(40 — x). Setting the derivative equal to zero, we have the
critical points x = 40 and x = 250. If x < 40, then (250 —x) > 0 and (40 —x) < O,
so that dx/dt > 0 (remembering that £ > 0). If 40 < x < 250, then (250 —x) > 0
and (40 — x) < 0, so that dx/dt < 0. Finally, if x > 250, then (250 — x) < 0 and
(40 — x) < 0, so that dx/dt > 0. The phase portrait is

40 250

———>

b. Ifx(0) = 0, then dx/dt > 0 and x increases toward 40 as t — oo. (See the slope field
for problem B1 in Exercises 2.4.)
3. a. The critical points are v = +.,/9.8/c. The phase portrait is

0 J9.8/c

P—¢

b. The positive equilibrium solution is v = /9.8/c, which is a sink. (This value of v is
called the terminal velocity.)
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4. We see that y = —1 is the only critical point. Since dy/dt is a square, dy/dt > 0 for all
values of y. Thus any solution y must be a nondecreasing function. The phase portrait is

> >

a. Ify(0) > —1, the graph of y(t) must increase away from y = —1 as t increases.

b. If y(0) < —1, the graph of y(t) must increase toward the liney = —1 as t increases—
that is, the line y = —1 is a horizontal asymptote for such a solution. An analysis of
d?y/dt? reveals that y is concave up when y > —1 and concave down wheny < —1.

5. a. The critical points are P = 0, 7, and 15. For P < 0,dP/dt > 0. For 0 < P < 7, we have
dP/dt < 0. For 7 < P < 15,dP/dt > 0. Finally, for P > 15,dP/dt < 0. The phase
portrait is

15

0 7
> <+—> <

Since the initial condition falls in the interval 0 < P < 7, we see that P(t) is decreasing
toward the t-axis—that is, P(t) — 0 as t — oo.
6. a. For example, x’ = x(x — 1)2.
b. For example, ' = —(x 4+ 5)(x + 5) = 25 — x?
c. For example, ' = (x — 2)%(x — 7).
7. See the graph for B7 on p. 453 of the text.
8. One possible answer is dQ/dt = Q(Q + 1)?(Q — 2). Exercises A3 and A6 provided some
clues.

1. The critical pointisx = —1/Q2a — 1) = 1/(1 — 2a), x # 1/2.
Case 1: This implies that 20 — 1 < 0 and so 1/(2e — 1) < 0. Consequently,
ifx < 1/(1 —2a) = —1/QRa — 1), then Qe — 1)x > —1 and Qe — Dx + 1 > 0. If
x>1/(1-2a) =—-1/Q2a — 1), then Qe — 1)x < —1 and 2« — 1)x + 1 < 0. The phase
portrait shows that x(t) — 1/(1 — 2«) as t — oo.

1/(1-2a)

> ' <
Case 2: This implies that 2¢ — 1 > 0 and so 1/(2e — 1) > 0. Consequently,
ifx < 1/(1 —2a) = —1/Qa — 1), then Qo — 1)x < —1land Qe — Dx+ 1 < 0. If

x>1/(1 -2a) = —-1/Qa — 1), then Qe — 1)x > —1 and 2« — 1)x + 1 > 0. The phase
portrait shows that x(t) — +o0o ast — co.

1/(1-2a)

< : >
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2. x' =(? — Dx+14oa:x =0implies that x = (1 + ) /(1 — o?).
Case 1: This implies that > — 1 < 0. Then x < (1 4+ «)/(1 — &) implies
@ —1Dx> (@ - 1DA+a)/(1—a?) =—1+a),so (@ —Dx+1+a > 0. Similarly,
ifx > (1 4+a)/1 —a?), then (> — Dx < @2 — DA +a)/(1 —a?) = —(1 + ), s0
(@®> — 1)x 4+ 1 + a < 0. The phase portrait shows that x(t) — (1 +«)/(1 — a?) as t — oo.

(1+a)(1—a?)

> I <

Case 2:[|a| > 1] This is equivalenttoa < —1 ora > 1. Thusa? —1 > 0 and (1 +a)/(1 —
a?) < 0.Nowifx < (14+a)/(1—a?), then (> —1)x < (@®>—1D(14+a)/(1—a?) = —(1+0a),
so (@> — 1)x + 1 + o < 0. On the other hand, if x > (1 + «)/(1 — &?), then we see that
(@> — 1)x 4+ 1 4+ o > 0. The phase portrait shows that x(t) — +oo0 as t — oo.

(1+a)/(1—a?)

< I >

Note that if « = —1, then ¥’ = 0, so x is a constant function.
3. a. % =gx — by’ =x(a—bx?) =0 & x = 0, —/a/b, or \/a/b. We have four intervals to

examine: (—oo, —W), (— a/b, 0), (0, a/b), and (\/m, oo).

(1) Ifx < —/a/b, then x < 0 and x? > a/b, bx? > a, —bx? < —a,a — bx? < 0, so that
dx/dt > 0.

(2) If —\/a/b < x < 0, thenx < 0 and x? < a/b,bx> < a, —bx? > —a,a — bx? > 0, s0
that dx/dt < 0.

(3) f0 < x < y/a/b, thenx > 0 and x? < a/b,bx? < a, —bx?> > —a,a — bx?> > 0, so
that dx/dt > 0.

(4) When x > \/a/b, then x > 0 and x? > a/b,bx> > a, —bx?> < —a,a — bx*> < 0, so
that dx/dt < 0.

Using the preceding analysis, we can draw the following phase portrait: [See phase
portrait for C3a. on p. 454 of the text.]

b. If x(0) is slightly larger than \/a/b, the phase portrait indicates that x(t) will decrease
to /a/b as t increases.

c. If x(0) = 0, then x(t) stays at zero as t increases. Since dx/dt = 0 when x = 0, we see
that there is no change in the value of x(t) at this point.

d. Ifx(0) is slightly smaller than \/m, the phase portrait indicates that x(t) will increase
to \/a/b as t increases.
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EQUILIBRIUM POINTS: SINKS, SOURCES, AND NODES

This section continues to develop the qualitative analysis begun in the previous section.
This material falls under the heading of stability theory, and is restricted to the study of the
asymptotic behavior of solutions of autonomous first-order ODEs. These concepts will be
extended to systems in Chapter 4, and the behavior of solutions of autonomous linear sys-
tems will be analyzed completely in Chapter 5. Chapter 7 applies these ideas to nonlinear
systems.

Given an autonomous equation x” = f(x), an equilibrium solution v is said to be an asymp-
totically stable solution (sink, attractor) if, given any & > 0, there exists a § > 0 such that any
solution ¢ of the equation satisfying |¢(0) — ¥(0)| < & satisfies |¢(t) — ¥(t)| < e fort > 0 and
lo(t) — ¥(t)] — 0 ast — oo. This idea is also referred to as Lyapunov stability. Similar precise
definitions can be given to sources and nodes.

Exercise A16 asks the student to consider a simple version of a balance equation. Balance
equations, also called conservation equations, are mathematical statements of the fact that
what goes into a system must be stored, come out, or be transformed into something else:
matter, energy, and momentum can't just appear or disappear without explanation. Equation
(2.3.1), a fundamental principle in working with compartment models, is an equation of this
kind. Students who are studying ecology or environmental engineering will see these types
of equations many times.

For more information on the Gompertz equation given in Exercise B3, see Mathematical Models in
Biology by L. Edelstein-Keshet (McGraw-Hill, 1988; reissued by SIAM) or “Models for Growth”
by E. B. Appelbaum (College Math. ] 32 (2001), 258-259), an article written by someone who
has suffered from cancer. Exercise C1 asks the student to give a qualitative analysis of the
logistic equation with harvesting (or culling).

< Confirm the answers for Exercises 1-12 by looking at slope fields or phase portraits.>

A

1. f(y) =y>(1 —y)? and f'(y) = 2y(2y — 1)(y — 1). The equilibrium points are y = 0 and
y = 1. Now f’(0) = 0 and f’(1) = 0, so that the Derivative Test fails. However, we see
that f'(y) < 0 for values of y below 0 and f'(y) > 0 for values of y above 0, so that
y = 0 behaves like both a sink and a source and so is a node. Similarly, f'(y) < 0 for
values of y just below 1 and f’(y) > 0 for values above 1, indicating that y = 1 is also a
node.

2. f(x) = cosx and f'(x) = — sin x. The equilibrium points are the odd multiples of 7/2—
that is, points of the form (2k + 1)n/2,k = 0,£1,%2,.... Now f'((2k + 1)7/2) =
—sin((2k + 1)7/2) = —sin(km + 7/2) = — cos(kn) = (—1)F*1. (If you don’t remember

these trigonometric facts, just look at the graph of y = — sinx to see the pattern.) Thus
f'(x) > 0 and x is a source when k is odd—that is, when x = ... —97/2, —57/2, —7/2,
37/2,77/2,...—and f'(x) < O, so that x is a sink, when x = ... —77/2, —37/2, /2,

5m1/2,97/2,....



10.

11.

12.

13.

2.6 Equilibrium Points: Sinks, Sources, and Nodes m

. f(y) = ¢ — 1 and f'(y) = €. The only equilibrium point is y = 0. Since f'(0) =1 > 0,
we see that y = 0 is a source.

. f) =y*(¥* — 1) and f'(y) = 2y(2y* — 1). The equilibrium points arey = —1, 0, and 1.
Now f/(—=1) = =2 < 0, so thaty = —1 is a sink; and f'(1) =2 > 0, sothaty = 1 is a
source. We have f'(0) = 0, so that our usual test fails. Since f’(y) < 0 for values of y just
less than 0 and f’(y) > 0 for values of y just greater than 0, we conclude thaty = 0 is a
node.

. f(x) = ax + bx? and f’(x) = a + 2bx. The equilibrium points are x = —a/b and 0. Since
f'(—a/b) = —a < 0, we see that x = —a/b is a sink. Since f'(0) = a > 0, we conclude
that x = 0 is a source.

. f(x) =x3 — 1 and f'(x) = 3x°. The only equilibrium point is x = 1. Since f'(1) = 3 > 0,
we see that x = 1 is a source.

. f(x) = x2 —x% and f'(x) = x(2 — 3x). The equilibrium points are x = 0 and 1. Since
f'(1) = =1 < 0,x = 1is asink. Butx = 0 is a node because f’(x) > 0 for values of x just
below and just above 0.

f@) =10+3y —y?> = 2+y)(5—y) and f'(y) = 3 — 2y. The equilibrium points are
y = —2and 5. Since f'(—2) = 7 > 0,y = —2 is a source. Since f'(5) = =7 < 0,y =5 is
a sink.

. f(x) = x(2 — x)(4 — x) and f’(x) = 3x? — 12x + 8. The equilibrium points are x = 0, 2,

and 4. Since f'(0) = 8 > 0,x = 0 is a source. Since f'(2) = —4 < 0,x = 2 is a sink.

Since f/(4) = 8 > 0,x = 4 is a source.

f(x) = —x3 and f’(x) = —3x2. The only equilibrium point is x = 0. Since f'(0) = 0, we

investigate further. Since f’(x) < 0 for every nonzero value of x, we conclude that x = 0

is a sink. The phase portrait confirms this:

> : <

f(x) = x3 and f'(x) = 3x2. The only equilibrium point is x = 0. Since f'(0) = 0, we
examine the situation more carefully. Since f'(x) > 0 for every nonzero value of x, we
conclude that x = 0 is a source. The phase portrait confirms this:

< : >

f@) =ylny+2)andf'(y) = y/(y+2)+1In(y + 2). The equilibrium points arey = —1, 0.
Since f'(—1) = —1 < 0, we know thaty = —1 is a sink. Since f/(0) =1n2 > 0,y = 0 is
a source.

f(x) = x—cosxand f'(x) = 1+sinx. Any equilibrium point x* must satisfy the equation
x* — cosx® = 0, or x* = cosx™. We graph y = x and y = cos x separately on the same set
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axes and notice that the graphs intersect at exactly one point:

/

This point of intersection x* is the only equilibrium point. Since the graph indicates
that x* lies between 0 and 7/2, we see that f'(x*) = 1 + sinx* > 1 > 0, so that this
equilibrium point (for which we have no explicit formula) is a source.

14. f(x) = x —e* and f'(x) = 1 + ¢~ *. The only equilibrium point is x ~ 0.5671. Since
f'(x) > 0 forall x,f(0.5671) > 0 and so x = 0.5671 is a source.

15. ' = x(x + 1)(x — 0.5)°: The equilibrium points are x = —1, 0, and 0.5. It will be easier
to examine the signs of x" than to use the Derivative Test.

X Sign of Sign of  Sign of  Sign of
x x+1 (x—0.5)° X
—0<x<-—1 — — + +
—-1<x<0 — + + —
0<x<0.5 + + + +
x> 0.5 + + + +

The phase portrait that can be drawn using the information from the table shows that
x = —1isasink, x = 0 is a source, and x = 0.5 is a node.

16. a. This problem describes a compartment model (see Section 2.3).
R =DQ"-Q =0sQ=Q"
b. When Q < Q* dQ/dt > 0 and when Q > Q* dQ/dt < 0. Therefore the equi-
librium solution is a sink and therefore stable. You could also use the Derivative
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Test with f(Q) = D(Q*— Q) and f(Q) = =D : f(Q*) = —D < 0 since D is
positive.

1Loa ME=8 _ps2=0=8P-bSu’> =0=u= 3 =2k

b. Since M represents mass, a positive constant in this case, it has no effect on the sign of

du/dt. Therefore we take f (1) = %—bSuz, sothatf'(u) = — 80 _2pSu andf’ <2 3 %) =

u

—SP; _ 2b5<2 v %) = —GP%(bS)% < 0, sothatu = 2\3/% is a sink.

4(5)

c. The fact that the equilibrium speed 2 % is a sink suggests that a rower may start from
rest with maximum acceleration but then tire a bit so that his or her speed would level
off at the equilibrium speed. If we observe the rower at a time when his or her speed
is greater than the equilibrium speed, then we can reasonably believe that he or she
may tire or the “drag force” bSu? may exceed the “tractive force” % and so slow the
boat down.

> l < l < l >

b. From part (a) we see that a is a sink and b is a source. We can also see this by noticing
that f'(a) < 0 and f'(b) > 0.

3. f(N) = —aNIn(bN) and f'(N) = —a(1 4 In(bN)). Since the nature of the model implies
that N > 0 and since —aN < 0, the sign of f (N) depends on the sign of In(bN). For 0 <
bN < 1,In(bN) < 0. Thus f(N) = —aN In(bN) > 0 for 0 < N < 1/b. For bN > 1 (that is,
for N > 1/b), In(bN) > 0, so that f(N) = —aN In(bN) < 0.

a. The phase portrait for this equation is

0 1/b

: > : <

b. A possible graph of f(N) against N (with a = 10 and b = 2) is on p. 454 of the text.

c. f(N) is undefined at N = 0, so that the only equilibrium point is N = 1/b. The
phase portrait given in (a) indicates that this is a sink. Also, f'(1/b) = —a(1 + In(1))
=—a<0.

d. Assumethat0 < N < 1 Wehave N(t) = f'(N) = —a(1+In(bN)) > 0, so that the graph
of N (t) is concave up, when 1+In(bN) < 0—thatis, when0 < N < 1/be < 1/b(where
e is the base of the natural log). Similarly, N(t) < 0 and N(t) is concave down when
N > 1/be.
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e. Putting together the information from (c) and (d), we can sketch N (¢):

A

4. There is no such equation. Between any two sinks, there must be a source. Suppose there
were three sinks, x1, x>, and x3, with x; < xp < x3. If we consider the phase portrait with
just x; and x3 plotted, notice that any point between these two must behave like a source:

C

1. a.

 — p1-2)-h =0 = Pk —P)—hk = 0 = —1P? + 1kP — hk =

e —
— 2 _A4(—1)(— — —
0 = [by the Quadratic Formula] P = —** (Tk)_2r4( L L) — _rzkr(rk -

ThF N rhirk—4h) W. If rk(rk — 4h) > 0, there are distinct real (and non-zero) solutions.
Since rk > 0, we have these two solutions if tk — 4h > 0, or h < %.

. The smaller of the equilibrium solutions in (a) is Ps = Tk rhk—4h) W. Let f(P) =

P(1—F7) —h = 1P — (;)P% so that f'(P) = r — (¥)P and f'(Ps) = 1 —

(%)(W) =71 - (T — /1k(rk — 4h) = /rk(tk — 4h > 0. By the Deriva-

tive Test, Ps is a source. Similarly, the larger of the equilibrium solutions is Pp =
Tkt /1h(rk—4h) W and f'(PL) =71 — (%)(m— W) = —/rk(rk — 4h < 0, so that P,

is a sink.

2. f(x) = —x>+ (1 +a)x? —ax = —x(x —a)(x — 1) and f'(x) = —3x? + 2(1 + a)x — . Thus
the equilibrium solutions are x = 0, ¢, and 1.

a.

b.

f’(O) = —a > 0,s0x = 0isasource. Also, f'(¢) =a(l —a) <0,s0x =«aisa
sink; and f/(1) =« — 1 < 0, sox = 1 is a sink.
[0<a<1]f(0)=—a <0,s0x=0isasink. Then f'(a) = (1 —a) > 0,50 x = « is

a source. Finally, f/(1) =a — 1 < 0, sox = 1 is a sink.
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C. f’(O) = —a < 0,s0x = 0isasink. Also, /(&) =a(l —@) < 0,s0x =« isa
sink. Finally, /(1) =« — 1 > 0, so x = 1 is a source.

d. Then f(x) = —x> +x? = x2(1 — x) and f'(x) = —3x? + 2x. The equilibrium
solutions are x = 0 and x = 1. We see that f/(0) = 0, so the Derivative Test is
inconclusive. However, for x < 0,x = f(x) > 0; for0 < x < 1,x > 0; and for
x > 1,x < 0. This tells us that x = 0 is a node, whereas x = 1 is a sink.

e. [@=1] Then f(x) = —x% + 2% —x = —x(x — 1)? and f'(x) = —3x? + 4x — 1. The
equilibrium solutions are x = 0 and x = 1. Now f'(0) = —1 < 0, so x = 0 is a sink;
and f’(1) = 0, so the Derivative Test fails. However, x < 0 for0 < x < 1 and & < 0 for
x > 1,s0x = 1is anode.

*2.7 Bifurcations

This section is optional. The concept of a bifurcation appears here and there in later exercises,
but the explanations are self-contained. Strogatz’s book, Nonlinear Dynamics and Chaos: with
Applications to Physics, Biology, Chemistry and Engineering (Addison-Wesley, 1994), contains
good examples.

Instead of analyzing the behavior of the quadratic function x? 4+ x + ¢ via the completion of
squares as in equation (2.7.1), [ sometimes use the quadratic formula immediately.

My experience has been that the concept of a bifurcation diagram needs slow, careful expla-
nation. It sometimes takes a while for students to digest the fact that they are graphing the
solution of an autonomous equation against the values of a parameter.

The treatment of the laser in Example 2.7.3 is adapted from Strogatz’s book.

Exercise B1 is a special case of Exercise C1 of the last section, which is now revealed as a
bifurcation problem. For some background on the biology and mathematics of Exercise C2,
see Section 7.5 of Mathematical Models in Biology by L. Edelstein-Keshet (McGraw-Hill, 1988;
reissued by SIAM).

A
1. (1) (Also, see answer on p. 455 of the text.)

c<0 c=0 c>0
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(2)

(3)
2. (1)

First-Order Differential Equations

Clearly the number and the nature of the equilibrium solution(s) depend on the
value of c. If ¢ = 0, there is only one equilibrium solution, x = 0. If ¢ < 0, there is
no equilibrium solution; and if ¢ > 0, there are two equilibrium solutions, x = £./c.
The only bifurcation point is ¢ = 0.

See bifurcation diagram on p. 455 of the text.

(2)

©)

d AN

Wehave f(x) = 1+ ax+x> =0 x = %ﬂ' Clearly the number and the nature
of the equilibrium solution(s) depend on the value of the discriminant ¢? — 4. Note
that if c = —2 or ¢ = 2, there is only one equilibrium point, x = —¢/2. If ¢ < =2,
then ¢ —4 > 0 and there are two real equilibrium points given by the formula above.
When —2 < ¢ < 2, we have ¢ — 4 < 0, so that there is no equilibrium solution.
Finally, for ¢ > 2,¢> — 4 > 0 and there are two equilibrium solutions again. The
bifurcation points are c = —2 and ¢ = 2.

We note that f/(x) = ¢ + 2x and apply the Derivative Test to determine the nature of the
equilibrium solutions: When ¢ < —2 or¢ > 2, f’ (L 362’4) =c+2 (L V2c2—4) =

++/c? — 4, so that the equilibrium solution with the positive square root is a source
and the equilibrium solution with the negative square root is a sink. If c = —2 or
2, you should check to see that you have a node. (The Derivative Test fails to show
this.)

M
L
+ 4 4
e .
>

]
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c=1/2 c=1 c=32

(2) f)=x—ex(1—x) =x—cx+ax? =x(1—c+cx) =0 x=0orx =1 Note
that when ¢ = 1, both equilibrium solutions blend into one. We use the Derivative
Test to determine the nature of each equilibrium solution: f/(x) = 1 — ¢ — 2¢x, so
f'0)=1—-c>0ifc <landx=0isasource; f(0)=1—c<0ifc>1,s0x=0is
a sink. Nowf’(%) =1—c— 2x(%) =3(1—=c¢)>0,s0 % is a source if c < 1 and
asink if ¢ > 1. Clearly ¢ = 1 is the only bifurcation point.

(3)

4. (1)

=

c=1/2 c=1 c=3/2
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(2) f@) = x> —2x+c =0 & x =

Ziﬁ% = 1+ /1 —c. Therefore, we have two

equilibrium points if ¢ < 1, one equilibrium pointif ¢ = 1, and no equilibrium point
if ¢ > 1. Furthermore, f'(x) = 2x — 2, so that f/(1 £ /1 —¢) =2(1+/1—¢) -2 =
+2./1 —c. Thus, if ¢ < 1, the equilibrium point with the positive square root is
a source, while the equilibrium solution with the negative square root is a sink. If
¢ = 1, then the equilibrium solution is x = 1, a node. Since the qualitative nature of
the solutions changes when ¢ = 1, we see that ¢ = 1 is the only bifurcation point.

5. (1)

c=—1/2

XA

A

-
-

I~~\

“~

L1

e e e e - e

il

t

N

c=3/2

(2) The bifurcation point is ¢ = 0: If ¢ = 0, there is only one equilibrium solution, x = 0,
which is a node. If ¢ > 0, then x = 0 and x = ¢ are equilibrium solutions, with 0 a sink
and ¢ a source; and if ¢ < 0,x = 0 and x = ¢ are equilibrium solutions, with 0 a source

and c a sink.
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(3)
b ’ .-,;')
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6. (1)

c=—1/2

c=3/2

(2) The bifurcation point is ¢ = 0: If ¢ = 0, there is only one equilibrium solution, x = 0,
which is a node. If ¢ > 0, then x = 0 and x = ¢ are equilibrium solutions, with 0 a

node and ¢ a sink; and if ¢ < 0,x = 0 and x = ¢ are equilibrium solutions, with 0 a
sink and ¢ a source.
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(sink}

— >
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B

1L f(P)=P5—-P)—h=5P P2 —h=0«& P = =5&/25-4h _ 55J25-4h The number

of equilibrium solutions depends on the discriminant, 25 — 4h. If 4h < 25—that is, if
h < 4/25—then there are two nonzero equilibrium solutions. If 4h = 25, then there is
only one equilibrium solution, P = 5/2. If 4h > 25, there is no equilibrium solution.
Clearly, h = 4/25 is a bifurcation point. If h < 4/25, we can’t have extinction for every
initial population because of the nonzero equilibrium solutions, and so we investigate the
case h > 4/25 more carefully. If h > 4/25, the graph of dP/dt is an upside down parabola
which doesn’t intersect the P-axis. Therefore dP/dt <0 for every solution P, so that
every solution—no matter what the initial point P(0)—must be decreasing as t increases,
eventually reaching zero. This says that h* = 25/4 is the maximum harvest rate beyond
which any population will become extinct.

2 2 2
.Wehavex’ =a—e¢™,a > 0,and f'(x) = 2x¢™ . Nowyx' =a—e™ =0 & o =

e & x = +/—Ina, where Ina < 0—that is, where 0 < a < 1. If[0 <o < 1], then
2

f’(—«/—lncx) =2 —ln(xe_(_ _lna) = —2a+v/—Ina < 0,s0x = —+/—Ina is a sink.

On the other hand, f’(«/—lna) = 2" Inae~V=10* = 2¢/"Tna > 0, s0 x =

+—Ina is a source.

If [ = 1], then x = 0 is the only equilibrium solution. Finally, if [« > 1], there is no real
equilibrium solution. This analysis shows that & = 1 is the only bifurcation point. Based
upon this analysis, we can construct the bifurcation diagram.

-

. We have f(x) = x(c — x?) and f'(x) = ¢ — 3x2. The equilibrium solutions are x = 0 and

x = +4/cifc > 0. Then f/(0) = ¢, sox = 0 is a sink if ¢ > 0 and a source if ¢ < 0. Also,
f(=ve) =¢c— 3(—\/5)2 = —2¢ < 0 (since here we must assume ¢ > 0), s0 x = —/c

is a sink. Furthermore, f'(/¢) = ¢ — 3(ﬁ)2 = —2¢ < 0, 50 4/c is also a sink. If ¢ = 0,
then dx/dt = —x> and the only equilibrium solution is x = 0, which is a sink: dx/dt > 0
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if x < 0and dx/dt < 0 if x > 0. Thus the bifurcation occurs at ¢ = 0. The bifurcation
diagram follows.

bt
(5o

. We have f(x) = x(x> — 1 — ), € R, and f'(x) = 3x*> — 1 — a. Thus the equilibrium
solutions are x = 0 and x = ++/a + 1 for « > —1. We see that f'(0) = —(«¢ + 1), so
x = 0isasourceifa < —1 and asinkifa > —1. If @ = —1, then dx/dt = f(x) = x3, so
x = 0 is a source: dx/dt = x> < 0 for x < 0 and dx/dt = x> > 0 for x > 0. Furthermore,
f (£ +1) =3(im)2— 1—a=2(e+1) >0fora>—1,s0x=+/a+ 1isa

source. Thus the bifurcation point (a pitchfork bifurcation) is « = —1. The diagram follows.

. This exercise is tricky because f(x) = 3x — x> — « and it’s difficult to determine the equi-
librium solutions algebraically. However, because we are interested in the bifurcation
diagram, we can bypass this part of the problem. Instead of solving the equation 3x —
x3 — a = 0 for x as a function of @, we can graph a = 3x — x> (showing « as a function
of x) and then find the inverse of this graph, which represents x as a function of «. This
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inverse graph is just the graph of & = 3x — x> reflected across the line « = x. Thus, given
the graphs of the cubic polynomial & = 3x — x> and & = x

we get the bifurcation diagram by reflection:

There are two “saddle-node bifurcations, one at « = —2 and the other at @ = 2. We can
also see that there is one equilibrium point for « < —2 and one for « > 2. For « between
—2 and 2, there are three equilibrium points.

C

1. a.x = fx) = R—Rox — k> = 0 & x[(R—R)—kx?] = 0 & x = 0orx =
+/(R—R)/k. If R < R;, then R — R, < 0, so that there is only one equilibrium
solution, x = 0. Since f'(0) = (R — R.) — 3k(0)> = R — R, < 0, we see that x = 0
is a sink.
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b. If R > R, then R — R, > 0 and we have the three equilibrium solutions x = 0,

x = JR—Ro/k and x = —/(R—R.)/k. Then f'(0) = (R—R.) — 3k(0)? =

R — R; > 0, showing that x = 0 is a source. Also, f( £+ \/(R—R,)/k) = (R—R.) —

3k(y/(R—R)/k)> = —2(R—R.) < 0, so that /(R—R.)/k and —/(R—R)/k

are sinks.

t

f
x=V® R )/k (sink)

g

x = ~V(®~ R Vk (sink)

The bifurcation point R = R, is a sink.
2. a. Ifa =1, wehavedx/dt = f(x) = 1 —x + 4x? /(1 + x?). Now the graph of f (x) shows
that there is only one equilibrium solution, x ~ 4.84.

AN

Furthermore, the graph shows that f(x) > 0 for x < 4.84 and f(x) < 0 for x > 4.84.
This information gives us the phase portrait
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b. Looking at graphs of f(x) with various values of & (and playing with the solve
command on a graphing calculator or CAS), we can estimate that a bifurcation occurs
when o« = «p = 0.063525... ~ 0.064.

L

These graphs suggest that when « > «g there is only one equilibrium solution, a sink.
When o = «, there are two distinct equilibrium solutions, one a node and one a
sink. Finally, when o < «, there are three equilibrium solutions—a sink, a source,
and a sink, reading from left to right.

EXISTENCE AND UNIQUENESS OF SOLUTIONS

Usually I don’t cover the material on existence and uniqueness as extensively as indicated in
this section. The ideas are important, but fortunately (as indicated in Example 2.8.3) most
of the equations seen in basic science and engineering courses have unique solutions, given
appropriate initial conditions.

I believe that the particular existence and uniqueness theorem I give is the easiest to understand
and to use. Appendix A has a brief explanation of partial derivatives if necessary.

Exercise C6, although found in an old ODE text by Buck, is the kind of problem that a modern
differential equations course should pose. The student should be encouraged to think, rather
than just solve equations.

An interesting problem that I sometimes include in my class discussion is to show that the
IVP x' = x? + t,x(0) = 0, has no solution defined on the whole interval (0, 3). (Note that
the equation is neither separable nor linear. In fact, it has no solution in terms of elementary
functions.) The slope field for this equation seems to indicate that any solution curve defined
on the interval (0, 3) increases without bound. (This is the phenomenon that can be described
as “blowing up in finite time.”) The solution has the bonus of acquainting students with
proof by contradiction: Suppose that there is a solution x(t) of the IVP that is defined on the
entire interval (0, 3). Form the function z(t) = arctanx(t), 0 < z(t) < 7/2. Note that z(0) =
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arctanx(0) = arctan0 = 0. Then the Chain Rule gives z/(t) = - x'(t). In a way that

1
. ) L0 :
may be familiar to students from previous courses, construct a right triangle with one acute
angle equal to arctanx(t). Then tanz = tan(arctanx(t)) = x(t), cosz = cos(arctanx(t)) =

\/x;ﬁ’ cos?z = ++1' and cos 2z = x?+1. Thus (cos 2 z)z’ = x/(t) = x>+t = tan? z+¢, with
2 sm z

0 <z(t) < m/2. Multlplyrng the last equation by cos? z, we get z’ = cos®z - =+ tcos’z =

sin z + t cos? z = sin? z 4 cos? z4+(t—1)cos’z=1+(t—1)cos’z>1 fort > 1. Because

we have z(0) = 0 and 2 > 1 fort > 1, we see that z(t) > t — 1. By the FTC and some

elementary integral comparisons, z(t) = [, L2/ (H)dt = 1z/(t)dt+f1t Z(H)dt = z(l)—f-flt Z/(t)dt >
1z’(t)dt > fl 1dt =t — 1.

Letting ¢ = 2.9 in this last inequality, we conclude thatz(2.9) > 2.9 —1 = 1.9, which is greater
than 77/2 &~ 1.5708—a contradiction of the fact that we assumed 0 < z(t) < /2. Therefore, a
solution x(t) can’t exist.

A

1. f(t,x) = L and ¢ f xiz are not continuous where x = 0. So, for example, take any
rectangle centered at (0, 3) that avoids the t-axis (x = 0).

2. f(t,y) = 3y"/> and g—]}(’ = 1y~%5, so that the partial derivative is not continuous when
y = 0. Therefore, the IVP has no unique solution through (t,y) = (0, 0). For example,
bothy = t7 and y = —t% are solutions passing through the origin.

3. f(t,x) = 7 and df = 1 are not continuous when t = 0—that is, at any point of the x-axis.
There is no rectangle R containing the origin that does not also include points of the
x-axis, where t = 0.

4. f(t,y) = —% and g—’; = }% are continuous in any rectangle that does not include

y = 0. Because the initial point we are given is (0, 0.2), we can construct a rectangle
centered at (0,0.2) such that its lower side intersects the y-axis at some value d > 0.
For example, consider the square with vertices (0.1,0.1), (0.1,0.3), (—0.1,0.3), and
(—01,01)

5.1ty = o0 +t = and df m fail to be continuous at those points (t, y) for which
1+4+t+y = 0—thati 1s, at points on the straight line y = —t — 1. But the initial condition
specifies the point (—2, 1), which lies on this line; and any rectangle that includes (-2, 1)
also includes infinitely many points on the line y = —t — 1. Clearly, there is no rectangle
R satisfying the requirements of the Existence and Uniqueness Theorem.

6. f(x) =tanx = zg;’; and =f(x) = sec’x = .7, are not continuous where cosx = 0.
Unfortunately, x = 5 is such apoint, so that there is no rectangle guaranteeing us existence
and uniqueness.

7. We can write the equation in the form Z}t’ = i—+t = f(t,y). Then - Bf = 1+t
R can be any rectangle in the t-y plane that does not containt = — 1 For example, consider
the square with vertices (1.5, 1), (0.5, 1), (—0.5, —1), and (1.5, —1).

8. fx,y) = fc—j and g—£ = (xf’;)z fail to be continuous at those points (¢, y) for which y = x.

Thus R can be any rectangle that does not include points on the line y = x.

The rectangle
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9.

10.

11.

This is a separable equation whose unique solution (using the initial condition) is y =
tanx. A look at the graph of this tangent function reveals that the function’s domain is
I = (—n/2,7/2), an interval of length 7.

f(t,y) =t(1 +y) and g—; = t are both continuous everywhere in the t-y plane. Therefore,
there is a rectangle R centered at (0, —1) such that the given IVP has a unique solu-
tion in R. But clearly y(t) = —1 is a solution in the rectangle, and so must be the only
solution.

Separating the variables, we get x™2/3dx = dt, so that 3x'/3 = t + C,x'/3 = t/3 + K,
and x(t) = (t/3 4+ K)3. The initial condition implies that K = x¢, or K = 3/xo. Therefore,
the solution of the IVP is x(t) = (£ + 3/370)3. Note that f(t, x) = x*/3 and % = # SO
that the partial derivative is not continuous at x = 0. The initial condition of Example
2.8.2 is x(0) = 0, so that we don’t expect uniqueness in this case. In the current exercise,
both f and g—{c are continuous at (0, xo) if xo < 0, so that we are guaranteed existence and
uniqueness on some t-interval I.

a. f(Q) = |Q — 1] is continuous everywhere, but aang is not defined at Q = 1 (loosely,
because of the sharp point in the graph of f(Q) at 1). Therefore, the conditions of the
Existence and Uniqueness Theorem do not hold.

b. The constant function Q = 1 is a solution because Q' = 0 = |Q — 1| and Q(0) = 1.
This solution is in fact unique, showing that the Existence and Uniqueness Theorem
provides sufficient conditions that are not necessary.

c. Consider the two possibilities separately:

If Qx) > 1, then Q' = |Q — 1| becomes Q' = Q — 1, with Q = 1 if Q(0) = 1. If
Q(x) < 1,then Q' = |Q — 1| becomes Q' =1 — Q, with Q =1 if Q(0) = 1.
a. We can write the equation as follows:

SY+k if y>0
J=y+k if y<oO

Separating variables in each equation and making the appropriate substitution
u =, y—koru = /~y —k we can integrate to find the implicit solution
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2J¥ — 2kIn(y+k) = t + Cify > 0 and 2/)y] — 2kIn(/ly[+k) = t + C
ify <o.

b. Because k > 0, there is a unique solution for any initial condition even though 3—5 does
not exist at y = 0. As in Exercise B1, the point is that the Existence and Uniqueness
Theorem provides sufficient conditions that are not necessary. Note that y = 0 is not a
solution of the equation.

c. If k < 0, the equation has a unique solution for any initial condition. When k = 0,
we have the solution given in part (a) as well as y = 0, so that the IVP with initial
condition y(0) = 0 has no unique solution.

_ _ 7 ilf _ 1 . . . . .
3. f(x,y) = 2x — 2y/x? —y and Ry ot The partial derivative is not continuous at

any point (x,y) on the parabola y = x?>—in particular at the point (1, 1)—so that the
conditions of the Existence and Uniqueness Theorem are not satisfied and uniqueness is

not guaranteed.

4. a. f(x,y) = cosx —x%y3 and 3—{ = —3x?y? are continuous at every point of the x-y plane.
Therefore, given a point (xo, yo), the equation does have a unique solution passing
through (xo, y0).

b. Here's how Maple handled the equation:

> with(DEtools):

> Eq:=diff(y(x),x)+x"2*(y(x))"2=cos(x);
9 2 2
Eq = ay(x) + x“y(x)° = cos(x)

> dsolve(Eq,y(x));
>

The last line indicates Maple's response—a blank. This says that Maple could not come
up with a solution. The moral is that technology doesn't have all the answers. We know
from part (a) that every IVP that involves this equation has a unique solution, but we
can't seem to find it! However, the following commands (using a numerical method—see
Chapter 3—to calculate points on a solution curve) enable us to see some solution curves
corresponding to four different initial conditions:

> with(DEtools):
> DEplot(diff(y(x),x)+x"2*(y(x))"3=cos(x),y(x),
x=-3..5,{[0,2],[0,-2],[-1,11,[0,01},

y=-4..4,stepsize=.01,1inecolor=black);
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1. Here f(x,y) = P(x)y? + Q(x)y and g—]; = 2P(x)y + Q(x). Because P and Q are polynomials

(continuous everywhere), f and g—j; are also continuous everywhere in the x-y plane. The
conditions of the Existence and Uniqueness Theorem are satisfied, and so we expect to
find an interval I = (2 — h, 2 4+ h) centered at x = 2 such that the IVP has a unique
solution on I. 4

2. f(x) = (¢ —x)(B — x) and % = f’(x) = 2x — (« + B) are continuous at every point (t, x),
so that if we are given any initial point (tp, xo), we can find a unique solution passing
through (o, x0).

3. f(P) = kP( — P) and % = kb — 2kP are continuous at every point (¢, P), so that any IVP
involving the logistic equation has a unique solution. If a solution near P = b were to
equal the equilibrium solution—that is, if another solution curve intersects the horizontal
line P = b at the point (t*, b)—then we would have two solutions of the IVP ‘2—1; = kP(b—P),
P(t*) = b.

4. Every point at which two curves intersect is a point of nonuniqueness, contradicting the
Existence and Uniqueness Theorem which should apply when f is a polynomial function.
(See the solution to Exercise C3 for a similar argument.)

5. We are given the IVP y’ =y, y(0) = 1, which has a unique solution.

a. Consider Y(1) = y())y(=1). Then Y'(t) = y(O)[—y' (=] + Y (O)y(=1) = —y@®)y' (1) +
Y (©)y(—t) = —y@©)y(—t)+y()y(—t) = 0, which implies that Y (¢) is a constant function.
Since Y(0) = y(0)y(0) = 1, we see that the constant must be 1—that is, Y(¢) =
y(©)y(—t) = 1 for all values of t.

b. By part (a), y(t) can never be zero. We are given that y(0) is positive. If y(¢*) were
negative for some t*, by the Intermediate Value Theorem y(t) would be zero for some
t between 0 and t*, which cannot happen. Thus y(t) > 0 for all values of t.

c. Lett; be an arbitrary fixed real number and consider the function Q(t) = y(;z:?)

that Q(0) = y(t2). Then Q'(T) = Y(t)y/(tﬂ[zy)(;)igtﬂz)y/(t) , which equals zero becausey’ = .

Therefore Q is constant, so it is equal to y(t,) for all values of t.

.Notice

6. If the equation does not have a solution, this may indicate that the reaction cannot take
place. However, our confidence in this conclusion must be proportional to our belief
that the differential equation provides an accurate description of our experiment. If the
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reaction does take place, we should conclude that the differential equation model is not
accurate. On the other hand, if the equation has a solution, this does not guarantee that
the reaction does take place, because the model may not be an accurate description of
physical reality. For example, in Chapter 4 we'll see a model of a spring-mass system that
predicts the mass will never stop bobbing up and down, which certainly is not an accurate
description of reality.
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