Solutions To Problems of Chapter 3

3.1.

3.2.

Let éi, 1=1,2,...,m, be unbiased estimators of a parameter vector 0, i.e.,
E[6,] =0,i=1,...,m. Moreover, assume that the respective estimators
are uncorrelated to each other and that all have the same (total) variance,
0?2 =E[(0, — 0)T(0; — 6)]. Show that by averaging the estimates, e.g.,

. 1 .
0=— ;
20
i=1
the new estimator has total variance o2 := E[(8 — )7 (6 — 0)] = Lg2.

Solution: First, it is easily checked out that the new estimator is also
unbiased. By the definition of the total variance (which is the trace of the
respective covariance matrix), we have

o> = E[6-6)T(0-0)

c

since E[(8; — G)T(éj —0)] = d;;0°.

Let a random variable x being described by a uniform pdf in the interval
[0, 5], 6 > 0. Assume a function' g, which defines an estimator 6 := g(x)
of . Then, for such an estimator to be unbiased, the following must hold:

/0 g(z)da = 1.

However, such a function g does not exist.

=

Solution: Necessarily, the pdf of x must be

1
p(z) = {9, x € [0, 5],

0, otherwise.

For the estimator to be unbiased,

E[6] g(x)p(x)dz

I
—
g 8

1
/9 g(x)0dz =0, 6> 0.
0

1To avoid any confusion, let g be Lebesgue integrable on intervals of R.



3.3.

3.4.

Hence,
Qo) = / g(z)dz =1, V8 >0, (1)
0

However, such a function g cannot exist. Indeed, one can easily verify by
the basic integral theory that limgp_,o G(0) = 0, and limy_,o G(0) = 1, by
(1). Clearly, these results contradict each other.

A family {p(D;0) : 6 € A} is called complete if, for any vector function
h(D) such that Ep[h(D)] = 0, VO, then h = 0.

Show that if {p(D;0) : 8 € A} is complete, and there exists an MVU
estimator, then this estimator is unique.

Solution: Assume two MVU estimators 01,05. Then, Ep[0; — 02] =
6 — 6 = 0. Hence, by the definition of completeness, 01 = 05.

Let éu be an unbiased estimator, i.e., E[éu] = 6. Define a biased one by
0, = (14 «)0,. Show that the range of o where the MSE of 0; is smaller
than that of éu is

2MSE(6,,)

<——— < a<0.
MSE(6,,) + 62

Solution: The MSE for the new estimator is

E {((1 +a)b, — 90)1

E {((1 +a)(0, — b)) + aeoﬂ

= (1+a)®MSE(6,) + a62.

E [(éb - 90)2}

To obtain smaller MSE for the unbiased estimator we must have
(14 a)?MSE(8,,) + o262 < MSE(8,,),
or, after using elementary algebra,

ala+ M <0,
02 + var(0,)

where var(-) denotes the variance, and clearly MSE(8,) = var(6,,). The
solution of the previous inequality results to the desired interval:

2 var(6,)

- < a<0.
62 + var(0,,)



3.5.

3.6.

3.7.

Show that for the setting of the Problem 3.4, the optimal value of « is

equal to
1

02
var(6.,)

oy = —
1+

where, of course, the variance of the unbiased estimator is equal to the
corresponding MSE.

Solution: The minimum value of
MSE(§,) = E [(éb . 90)2} = (1+a)2MSE(8,) + a262,
with respect to o occurs when the derivative becomes zero, that is when
2(1+ ) var(8,) + 2062 = 0,
or, equivalently, when

var(0,) B 1

* — — ~ - 2
00

62 + var(0,) 14+ <

Show that the regularity condition for the Cramér-Rao bound holds true
if the order of integration and differentiation can be interchanged.

Solution: By the definition of the expectation we have

E[amp(x;e)} _ / / Xealant?) doy - dey

ol
/.../del...dm

= / / (X;0)dxy - - dx

69

This is in general true, unless the domain where the pdf is nonzero depends
on the unknown parameter 6.

Derive the Cramér-Rao bound for the LS estimator, when the training
data result from the linear model

yn:9$n+77na n:172a"'a

where z,, and 7,, are observations of i.i.d random variables, drawn from a
zero mean random process, with variance o2, and a Gaussian white noise
process, with zero mean and variance 0727, respectlvely. Assume, also, that
x and 1 are independent. Then, show that the LS estimator achieves the
CR bound only asymptotically.



Solution: First, notice that in this case X = {(x,,,y,)}_,. That is, both
yn as well as x,, change as we change the training set. Deﬁne here the
quantities &y = [r1,22,...,2N8]T, yn = [y1,¥2,...,yn]T, and recall,
also, the elementary relations

p(X;0) = p(xn,yn;0)
= p(yn|zn;0)p(zN;0)
= p(yn|zN;O)p(zN).
Hence, Inp(X;0) = Inp(yn|xn;0) + Inp(xy), and eventually,

Olnp(X;0)  Ilp(yn|zn;:0)
00 a0 '

Now, notice that by our original assumptions on the data model,

N
1
p(yn|z ;9)=7exr>< — 0xy,) )
NIEN (2770727)]\7/2 Z

or
N N
Inp(yn|en;0) = - In 27TU =~ 5.3 ; — 02,)2
Thus, by (2),
Olnp(X;0) 1 1 X
T = ) =50 man (3)
T n=1 77 —

It can be readily verified by (3) that the regularity condition of the Cramér-
Rao Theorem is satisfied.

Now,
N
82 hlp(X 9 Z 2
562 - 2 T
L
Therefore ) 2
0% Inp(X;0)
E|——7F% -N-2Z Tz
{ 062 o2’

and the Cramér-Rao bound is given by

1

var(6) > No

Q
HI\DJI\D

We will now show that this bound cannot be achieved by any unbiased
estimator. The necessary and sufficient condition for the existence of an



MVU estimator that achieves the Cramér-Rao bound translates, for this
case, to the existence of a function g(X) such that

Olnp(X;0) U_% B
O] _ N7 (g(x) ~ 0),

However, looking at (3), it becomes apparent that such a factorization is
not possible.

Let us now rewrite (3) as

Olnp(X;0) o2/ 1 a
BT =N a_g(zvag ; (mn = 627) )
o2/ 1 N N ,
o2 al
N5 (9 - 0l ;x?») (4)
where
1N
g(X) = No2 Zynxn (5)
T n=1

For a large number N of the training data set, we assume the following

approximation: -~ 22 ~ No2. By embedding this into (4) we obtain

n=1*"n
a form that allows for an unbiased estimator to attain the Cramér-Rao
bound, and the corresponding estimate is given by

N
- 1
HZQ(X):WZann- (6)
T n=1

However, (6) is the LS estimator for large values of N. Indeed, by the
definition of the LS estimator we have that

1 (& N
N (Zl xi) 0= N lenyn, (7)

which results in (6). It is easy to verify that (7) corresponds to an unbiased
estimator.

Let us do it for the sake of an exercise. First of all, let us examine if the



3.8.

LS estimator for this more general case is unbiased. We have

E] = E [ﬁ zn:xnyn] —E [ﬁ znjxn(exn 1)
o]

E

1

0+0=0.

In other words, the LS estimator is unbiased even for this case, where both
output as well as input samples change in the training set and this is true
independent of the number of measurements. The corresponding variance
is given by

E [(é - 9)2}

Il
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Asymptotically, this provides the bound that we have previously derived.
However, for finite IV, this is different.
Let us consider the regression model

ynZGTCCn‘F??m n:172a"'aNa

where the noise vector n := [n1,...,7n5]7 comprises samples from zero
mean Gaussian random variable, with covariance matrix X,. If X :=
[1,...,zx]T stands for the input matrix, and y = [y1,...,yn]?, the
vector of the observations, then show that the corresponding estimator,

0= (XTx,'x) " xTx, y,

is an efficient one.

Notice, here, that the previous estimator coincides with the Maximum
Likelihood (ML) one. Moreover, bear in mind that in the case where the
noise process is considered to be white, i.e., X, = 021y, then the ML
estimate becomes equal to the LS one.



3.9.

Solution: In the case where the parameter 8 becomes a k-dimensional
vector, the Cramér-Rao bound takes a more general form than the one
we have met previously, i.e., the case where the parameter 6 is a scalar.
For any unbiased estimator g(X) of the unknown parameter vector 6, the
Cramér-Rao bound becomes as follows:

E [(9(X) — 0)(g(X) - 6)"] = 17'(8), V8,
where 1(0) is the Fisher information matriz defined as
9?Inp(X;0)

00? ’

and which is known to be a positive semidefinite matrix. Given any ma-
trices A, B, of the same dimensions, the inequality A = B means that the
matrix A— B is positive semidefinite. A necessary and sufficient condition
for g to be efficient is for the equation

1(0) == —E[

Olnp(X;0
IIIE0) _ 1(6) (o(x) - 0). 8
00
For the present model, we have that X = y and
1 1 T o1 )
1) = ——————Fexp|—=(y—X0) ¥ - X0)).
p(y;0) ERERERY p( 5 (¥ )X (y )

Hence, Inp(y; 0) = —% (y — XO)T 2771 (y — X0) + constant, and

dInp(y; 6) T y—1 T y—1
T:X Yoy — XX X0
= XTSI X (XTE X)Xy - 60). (9)
The second derivative is equal to
0*Inp(y; 0) 71
902 -X" XX,

so that the Fisher information matrix becomes I(8) = X7X 'X. By
this, and by a simple inspection of (9), we can readily verify that (8) is
satisfied, if g(y) = (XTEW_IX)_1 XTEn_ly. This establishes the claim.
Moreover, note that the covariance matrix of the efficient estimator is
given by (X7 X, X)L

Assume a set of i.i.d X := {x1,22,...,2n} Gaussian random variables,
with mean p and variance 2. Define also the quantities

1 & 1 &
S, = Nan, Sz = NZ(“ ~S,)%,
n=1 n=1

X
_— )
S,2 .——E (T — p)°.

n=1



3.10.

Show that if 41 is considered to be known, a sufficient statistic for o2 is S,2.
Moreover, in the case where both (u,0?) are unknown, then a sufficient
statistic is the pair (S, Sy2).

Solution: The joint pdf of X is obviously

1 1
p(X) = mexp (‘ﬁ - (2 —M)2> .

If only o2 is considered to be unknown, then notice that

1 N -
Xo)= - ———S5.2 | = 2,02
p( 30 ) (27T0'2)% exp< 252 Sa' > gl(Sa , O )a

where g; is a function that depends only on S,2 and the unknown 92.
According to the Fisher-Neyman factorization theorem, the statistic Sy2

is sufficient.

Assume now the case where both (p, 0?) are unknown. Notice that by

N N
Z(mn —p)?= Z(mn - Su)z + N(S, — p)?
n=1 n=1

= NS<72 +N(S,LL _H)Qa

the previous joint pdf becomes

1 1
Ce2) — _ ) AT
p(X;p,0%) = (27m2)% exp( 52 (NSU +N(S, —p) ))

= g2 (S So2), (11, 0%))

It can be readily verified that go depends only on the statistic (S,, Sy2)
and the unknowns (u,0?). Hence, once again, by the Fisher-Neyman
factorization theorem, the statistic (Sy, S,2) is sufficient.

Show that solving the task

N ! 2 !
minimize L(6,)\) = Z (yn — 0 — Z 9ixm-> + A Z 10:1%,
i=1 i=1

n=1
is equivalent with minimizing

l

N 2 !
minimize  L(6,\) = <(yn —9) =) Oi(wni — :c)) +AD 161,
n=1 i=1

=1

and the estimate of 6y is given by

1
b =y — Z 0,7
=1



3.11.

Solution: We have that

N I I
L(0o, 01:) = (yn —0— Y 9i$ni)2 +) 67
n=1 i=1 =1

Taking first the derivative with respect to 6y and setting it equal to zero
we obtain

L l
&%ZE:(_%%fﬂ@+2§:@mQ:0
n=1 =1

or
N l N
NOy = Zyn _Zeizxnia
n=1 i=1 n=1
which results in l
O =5— ) 0::.
i=1
That is, the optimum value for 6y, is given in terms of the rest components.

Thus, optimizing with respect to 6;, i = 1,2,...,[, this has to be taken
into account. Substituting the above in the Lagrangian, we get

l l
(o= 7= 3 Oulars — 7))+ 062
=1 =1

] =

L(0o,01.) =

n=1

which proves the claim.

Note that the exact form of the regularizer does not enter into the game,
since does not depend on #y. Hence, this technique of centering the data
is also applicable to other forms of regularization.

This problem refers to Example 3.4, where a linear regression task with a
real valued unknown parameter 6 is considered. Show that MSE(6,())) <
MSE(éMVU), i.e., the ridge regression estimate shows a lower MSE per-
formance than the one for the MVU estimate, if

2

A€ (0,00), 92§%’7,

2 2 2

A€ (0,"12), 02 > .
020

Moreover, the minimum MSE performance for the ridge regression esti-
mate is attained at A, = 0727/92.

Solution: Theory suggests that our estimate 0y is the solution of the task
of minimizing the following loss function with respect to 8 € R:

N
L(0,X) = (yn —0)>+ X0*, A>0.

n=1
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The minimizer d, will be obtained if we set the gradient dL (0, \)/df equal
to zero, or equivalently,

0 n = Onvu,
o) = N+)\Nzy N+)\ MVU

where we used the notation ,(\) in order to highlight the dependence of

the estimate 6, on the parameter X. Notice here that E[0,(\)] = N+/\6‘0,
where 6y is the estimandum.

Elementary calculus helps us to express MSE (éb()\)) as

MSE (0,0)) = E [(ébm - E[ébm])g] + (B8]~ )

| NPMSE (éMVU) 22

(N + X)) ’ (10)
and
J 203A(N + )2 — 2 (N?MSE (Buvu ) + X263) (N + )
A MSE (000)) = RESVE '

(11)

Let us first examine the range of values of A > 0 which guarantee that
MSE (éb()\)) < MSE (éMVU). The case of A = 0 is excluded from the

discussion, since in such a case, éb(()) = Oy Tt is easy to verify by (10)
that

MSE (éb()\)) < MSE (éMVU)
A (93 — MSE (éMVU)) < 2NMSE (éMVU) .

In the case where 93 > MSE (éMVU), then the desired A belongs to the
interval (0,207 /(05 — 02 /N)), where we have used the fact that

MSE (éMVU) - %’27

In the case where 93 < MSE (éMVU), notice that VA > 0, we have that

A (6 = MSE (Bvu) ) < 0 < 2NMSE (Buvu)

i.e., the desired A belongs to the interval (0, c0).
It is also easy to verify by equating the numerator of (11) to zero that
the A, which minimizes MSE (éb(/\)) becomes equal to o7 /65. To leave
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3.12.

no place for ambiguity, we remark here that in the case where 62 >
MSE (éMVU) = 07 /N, this A, belongs to the interval (0,207 /(05—072/N)),

since

2 2 2
o o 20
0<Ah=—4<23< .
90 90 92_‘777;
0~ N

Assume that the model that generates the data is
. (27
Yn = Asin (Nkn+¢> + M, (12)

where A > 0, and k € {1,2,..., N —1}. Assume that 7, are samples from
a Gaussian white noise, of variance 0727. Show that there is no unbiased
estimator for the phase, ¢, based on N measurement points, y,, n =

0,1,...N — 1, that attains the Cramér-Rao bound.

Solution: The joint pdf of the measurements y := [yo,%1,...,yn—1)7 is
given by
N-1 2
1 1 . 2
py;¢) = (@ro2)n2 P <_E 7;) (y" —Asin (Nkn+¢>) ) '
The two derivatives of the In of this function can be easily shown to be
Omply;0) _ A cos (2 kn+6) — 2sin (T hn 126
06 o2 2\ N 2 N ’
(13)
and
021 : A= 2 4
W == > (ynsin (kanjL qﬁ) + Acos (NﬂknJr 2¢>) ;
€ n=0

and by substituting the value of y,, from (12), the mean value becomes

N-1
E{(ylnp(y,gb)] :_A2 <1+1cos (Mkn+2¢)>

04> 02 &~
N A2
202"

To derive the above, we used the trigonometric formula sin?a = (1 —
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cos(2a))/2, and also the fact

N-1

Z cos (%kn + 2¢> = % (ej(%lmwd’) + e_j(%k""’%))
n=0 n=0
1 N—-1 N—-1
_ _62]¢> A kn + —2j¢ Z —j 5 kn
2 n=0 n=0
1 5, 1= ®N 11— e IR
= —e
2 1— ek 2 1—e Ik
=0,

since eI N EN = 1, where j 1= /—1.
Hence, if (13 stands for an unbiased estimator of ¢, then

- 202
> e
var(¢d) > NA?

However, looking back at (13), we can verify that there does not exist a

function g such that Yy € R,

N-1
9(y) — ¢ = % nz (yncos (%kn—i—qﬁ) - gsin (%kn—i—Qqﬁ)) .

=0

Thus, even if an unbiased estimator exists, this cannot achieve the Cramér-

Rao bound.

3.13. Show that if (y,x) are two jointly distributed random vectors, with values
in R* x R!, then the MSE optimal estimator of y given the value x = x

is the regression of y conditioned on x, i.e., E[y|z].

Solution: The proof follows a similar line as the scalar case. Let

f(@) = [fi(x),.... fu(@)]"

be the vector estimator. Then the MSE optimal one should minimize the

sum of square errors per component, i.e.,

k k

ED (vi— fi(®)® =D _El(y: — fi(x))?].

i=1 i=1

This is equivalent with minimizing [ scalar terms individually, which can
be carried out as in the text in the Chapter. The result of the ith problem
is that the respective ith component of the MSE optimal estimator is given

by,
gi(z) = Ely;|z],
g(z) = Ely|z].
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3.14.

Note that minimizing the sum of square errors per component is equivalent
with minimizing the trace of the error covariance,

Elee’] = E[(y — f(x))(y — f(x))"].

Assume that x, y are jointly Gaussian random vectors, with covariance
matrix

5 =E [B:Zj [(x—ux)T,(y—uy)T]] = E; %yy] '

Assuming also that the matrices Y, and Y o= Xy — Eyzzglﬂxy are
non-singular, then show that the optimal MSE estimator E[y|xz] takes the
following form

Ely|x] = Ely] + ¥y 27 (2 — E[z)).

Notice that E[y|z] is an affine function of . In other words, for the case
where x and y are jointly Gaussian, the optimal estimator of y, in the
MSE sense, which is in general a non-linear function, becomes an affine
function of .

In the special case where x,y are scalar random variables, then

0.
Blyle] = iy + 2% (@~ i),

x

where a stands for the correlation coefficient, defined as

E[(x — pa)(y — py)]

)
Ox0y

=

with [a| < 1. Notice, also, that the previous assumption on the non-
singularity of X, and X' translates, in this special case, to o, # 0 # oy,
and |a| < 1.

Solution: First, it is easy to verify that X, = Efy. Moreover, since X,
and ¥ are assumed to be non-singular, then it can be verified [Magn 99]
that the determinant det X' = det X, det X, and that

o1 IR D YD HD HD )RS MRS MRt DS D

>y, xt y-1
Observe that X is the Schur complement of ¥, in X. Also, the previous
formula is the matrix inversion formula in terms of the Schur complement,
as provided in the Appendix A of the book. To save space, let & := x —
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3.15.

and y := y — py. Then, the joint pdf of x and y becomes

SR

[l

1 1 1 _
= —exp |-z e - 2t XY, Y Y, N E
(27)!(det )3 2 2 ‘ ‘

_ 1 _
_i_jTE;lEmuzflg _ 5 —Tzlg)
1 1
= 1 = 1 eXP (__ _TEz_la_:
(27)} (det %,) 3 (det ) & 2

o ey s

As a result, the marginal pdf p(x) becomes
(@) / (., y)d L o ( 1:cTE_1m>
= 9 = X - x
P P = o)z (det 5,8 0\ 2
1 1 T

x—— fexp (== (y— py — DS 'E

(271')1/2(det2)§/ p( 3 (== 5y )
X

Sy -y — Dy 7)) dy

1 1
= - exp (——:ETE;%) :
(2m)/2(det X,) 3 2

Using the previous relations, we can easily see that

p(z,y)

p(x)

p(ylz) =

1 e (g_EyIEac_lj)TS_l (?J_’_Eywxac_lj)
——exp | — -
(2m) (et £)F 7 2

A simple inspection of this relation shows that the conditional pdf p(y|x

is Gaussian with covariance matrix X and conditional mean E[y|x] =
By — Ly X7 (@ — pha).

Assume a number [ of jointly Gaussian random variables {x1,x2,...,x;},
and a non-singular matrix A € R*!. If x := [x,%a,...,%]7, then show
that the components of the vector y, obtained by y = Ax, are also jointly
Gaussian random variables.

A direct consequence of this result is that any linear combination of jointly
Gaussian variables is also Gaussian.

Solution: The Jacobian matrix of a linear transform y = Ax is easily
shown to be

J:=J(y;x) = A.
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3.16.

Also, since A is non-singular, we have that x = A~'y. Without any loss
of generality, assume that E[x] = 0, which results into E[y] = 0. Hence,

2y =E [ny] =K [AXXTAT} = A, AT,

Clearly, det ¥, = (det A)? det X,.. Then, by the theorem of transformation
for random variables, e.g., [Papo 02], we have the following:

p(x) _ p(A”'y)

PW) = Tqets] = Jdet 4]
= ! - exp (—lyTATEzlA1y>
(27)!/2| det Al(det X, )3 2
1 Loyt )
= exp|—zy X ,
(2m)1/2(det £, p( ¥ “v Y

which establishes the first claim.

For the second claim, assume a non-zero vector a € R!, and define the lin-
ear combination of {x1,%a,...,%x;} as y = a’x. Elementary linear algebra
guarantees that there always exists a set of non-zero [-dimensional vectors
{a1,...,a;—1} such that the collection {a, a1,...,a;—1} constitutes a ba-
sis of R! [Magn 99]. Thus, the matrix A4 := [a,a1,...,a;-1]7 € R is
non-singular, and the first component of the vector y = Ax is the quantity
y = aTx. We have already seen by the first claim that the components
of y are jointly Gaussian random variables. Moreover, a classical result
states that if a number of random variables are jointly Gaussian, then
each one of them, and thus y, is also Gaussian (the opposite is not always
true) [Papo 02]. This establishes the second claim of the problem.

Let x € R! be a vector of jointly Gaussian random variables, of covariance
matrix X,. Consider the general linear regression model

y=6x+n,

where © € RF*! is a parameter matrix and 1 is the vector of noise samples,
which are considered to be Gaussian, with zero mean, and with covariance
matrix Y, independent of x. Then show that y and x are jointly Gaus-
sian, with covariance matrix given by

oo 0x,0’+x,, ©ex,
- x0T Yo |

Solution: The combined vector is given by

-0 )

A
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3.17.

3.18.

3.19.

3.20.

However, since x and 1 are both Gaussian vector variables, and mutually
independent, then they are also jointly Gaussian. Notice also that the
matrix A is non-singular; indeed, a simple permutation of the columns of
A leads to the matrix {Of’;k }ﬂ, whose determinant can be easily seen to

be equal to 1.
Therefore, according to Problem 3.15, [y”,x”]7 is also jointly Gaussian.
The covariance matrix is a straightforward result following the definitions

of the involved variables.

Show that a linear combination of Gaussian independent variables is also
Gaussian.
Solution: This is a direct consequence of Problem 3.15, since independent

Gaussian variables can be readily checked out that they are also jointly
Gaussian.

Show that if a sufficient statistic T'(X) for a parameter estimation problem
exists, then T'(X) suffices to express the respective ML estimate.
Solution: This is direct consequence of the Fisher-Neyman factorization
theorem. Indeed, recall that T(X) is sufficient iff the respective joint
pdf can be factored as: p(X;0) = h(X)g(T(X),0), where h and g are
appropriate functions. Hence, by the definition of the ML estimate,

Oy, = argmax, p(X;0) = argmax, g(T(X), 0).
In other words, T'(X) is sufficient, via g, to obtain the ML estimate.
Show that if an efficient estimator exists then it is also optimal in the ML

sense.

Solution: Assume the existence of an efficient estimator, i.e., a function g
which achieves the Cramér-Rao bound. A necessary and sufficient condi-
tion for g to be efficient, is for (8) to hold true for all values of 6. Since
(8) holds for all values of @, then it holds true for @ = @yy,. However,
for this value, the left-hand-side of (8) becomes zero, and since I(fy) is
non-singular, we obtain that g(X) = @yr,. This establishes the claim.

Let the observations resulting from an experiment be z,,, n =1,2,..., N.
Assume that they are independent and that they originate from a Gaussian
pdf N(p, 02). Both, the mean and the variance, are unknown. Prove that
the ML estimates of these quantities are given by

1 & 1 &
N o ~2 o ~ 2
HML = N ngzll"n, OML = N ngzl(l“n - /LML) .
Solution: The log-likelihood function is given by

N
N N 1
L(p,0%) = -5 In(27) — 5 Ino? — 352 Z(:vn — ).
n=1
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3.21.

3.22.

Taking the gradient with respect to u, o2, and equating it to zero we obtain
the following system of equations

1
)

] =

n — = 0
. 1(96 1)

N1 1
"y tga Ll = 0

The solution of this system leads trivially to the required result.

3
Il

Let the observations x,,, n =1,2,..., N, come from the uniform distribu-

tion
1
s 0<ax<4
z;0) =<9 -
p(:9) {O, otherwise.

Obtain the ML estimate of 6.
Solution: The likelihood function is given by

N1
=15

We know that 8 > x,,, n =1,..., N, or equivalently, § > max,—1, .~ Zn.
Hence, the likelihood function is maxunlzed by taking the minimum value
of A, which is

[— max{x1,T2,..., TN}

Obtain the ML estimate of the parameter A\ > 0 of the exponential distri-
bution

Aexp(—=Azx), x>0,
p(z) = (=)

0, z <0,
based on a set of measurements, z,,, n =1,2,..., N.

Solution: The log-likelihood function is

N
L(z;\) = NInA =AYz

n=1

Taking the derivative and equating to zero we obtain
N

which leads to
“ N
AML = —x

Zn:l Ln
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3.23. Assume an pu ~ N (po,03), and a stochastic process {x,, }5° ___, consisting
of i.i.d random variables, such that p(x,|u) = N(u, o?). Consider a num-
ber of N members of the process {x,}22 _, ie., X = {x1,22,..., 28},
and prove that the posterior p(x|X), of any = x,, conditioned on X,
turns out to be Gaussian with mean py and variance o2 + 0%, where

No2Z + 0% uo 9 o203
PN="Ns2 152 * INT Ng2 12
o5 +o Nog+o
Solution: From basic theory we have that
p(X|p)p(p) -
p(ulX) = =ap(u) | | plaklp),
S p(X|p)p(p)dp kl;[l
or
(1) ( 1(M—uo)2)ﬂ 1 ( 1<xk—u>2)
= exp| —= ex =
P Voo P2 ) Ve o?
V(S (p—z\ (=0’
_a1exp(—§(2( pu ) ( %0 )))
k=1
N
1 N 1 2 1 Ho
k=1
1/ yNog+o? 9 Nz + o2 g
=ge —= —
26XP 2\ T o202 o203
Nog+o? [ , 9 No3z + o2
= (9 e _—_ —_ _—_—
26%P 20202 H No? + o2
~ apexp (B BN)
2012\, ’

where a, a1, ag, ag are factors independent of p, and

1
T = —Z:z:k,
Nk:l
_ Nojgz+o?u
BN = 7]\]0(2)_’_02 )
2 o*af
N Nt r ot

Since p(u|X) is a pdf, then necessarily

1
vV 27TO'N'

a3 =
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3.24.

Hence, limy o0 03 = 0, and for large N, p(u|X’) behaves like a § function
centered around ppn. Thus,

1 (z — pn)?
X) = X)dp ~ = = PN )
p(z]X) /p(:vlu)p(ul )dp =~ p(z|pN) N eXP( 5,2
Therefore, p(x|X) tends to a Gaussian pdf with mean py and variance
o?. Furthermore, limy o0 iy = .

For the general case of any value of IV, and not only the case of large N,
we have

p(x|X) = /p(wlu)p(ul?()du

_ %im / exp (_(”32‘05)2> exp (_W) . (14)

Hence, in order to obtain p(z|X), the previous integration has to take
place. Here we will follow another path, which avoids any direct in-
tegration. Assume a random variable y defined as y := & + v, where
&~ N(0,0%) and v ~ N(un,0%), independent of each other. It is well-
known [Papo 02] that the pdf of y is given by the joint pdf of & and v as
follows:

py) = /pgu(y —v,v)dv.

However, since & and v are assumed to be independent, then p¢, (§,v) =
pf(&)pl/(y)a a’nd

/ pe(y — V) (v)dv

1 (y —v)? (v — pn)?
) S o\ WA
2noon /exp ( 202 xp 203, v

which is identical to (14). However, recall from basic statistics [Papo 02]
that y, being the sum of two independent Gaussians is also Gaussian (see,
also, Problem 3.17), with mean the sum of the mean values and variance
the sum of the variances. Therefore, (14) becomes

p(z|X) = N S exp (_M) '

2m (02 + o%) 2(0% +0%)

p(y)

Show that for the linear regression model,
y=X0+n,

the a-posteriori probability p(0|y) is a Gaussian one, if the prior distri-
bution probability is given by p(8) = N (0, X)), and the noise samples



20

follow the multivariate Gaussian distribution p(n) = A (0, X,)). Compute
the mean vector and the covariance matrix of the posterior distribution.

Solution: Tt can be easily checked that p(0|y) = const x exp (—%\IJ), where
V= (y—X0)" 5 (y — X0)+ (0 —00)" X5 (6 — 6o)
=y 'Sy -2y X X0+ 0TXTE X0+ (0—600)" £,1(0 — 6y).

From now on, all terms that will be independent of 8 will be collected in
constant terms. Hence

U =a;—2y" X, X0+ (0 - 60)" Xy (0 - 6)
+(0 —00)" X7 2,1 X (6~ 00) — 65 XT3, X6 + 200 XT3, X6,
As a result,
W =0+ (0 00)" (55" + XTL1X) (0 6y)
+20; X" X X0 -2y £, X0
=az+(0—00)" (2" + XTX,1X) (6 - 6y)
—2(y— X60)" £, X (6 - 6y). (15)

In the sequel, we will follow a standard trick that we do in situations
like that. We introduce an auxiliary variable 8, whose value is to be
determined so that to make the following to be true,

U=o04+(0-6—-60)" (X" +X"5,"'X)(0—6—6)
=4+ (0—60)" (I + X5, X) (60— 6))
+67 (X' + XT3 X)) 6
—26" (35" + X7 X1 X) (6 - 60). (16)

Inspection of (15) and (16) indicates that this can happen if we choose
0= (" + XT5, ' X) T XTE  (y - X6)) .
Then, we can finally write that
U =as+(0-EBly)" . (0 —EBly)),
where
E[0ly] = 00+ (55" + X725, X) " X7, (y - X6p),

and )
Doy = (Zo '+ XTZMX) .
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3.25.

3.26.

Assume that z,, n = 1,2..., N, are i.i.d observations from a Gaussian
N(u,0?%). Obtain the MAP estimate of y, if the prior follows the expo-
nential distribution

p(p) = Aexp(=Au), A>0, p>0.

Solution: Upon defining X' := {1, x2,..., 2N}, the posterior distribution
is given by

N 2
p(p|X) o p(X|p)p(p) = A;;(pN/QUN H < ;L))

Taking the In, differentiating with respect to p, and equating to zero we
obtain

3} (_)\M - # g:l(xﬂ - M)2) _

0
o ’
or
X
At ?Z@" — ) =
n=1
Finally,

fviap =
for nonnegative values of the numerator.

Consider, once more, the same regression model as that of Problem 3.8,
but with X, = Iy. Compute the MSE of the predictions E[(y —§)?], where
y is the true response and ¥y is the predicted value, given a test point
and using the LS estimator,

6= (X"x) ' xTy.
The LS estimator has been obtained via a set of N measurements, collected
in the input matrix X and y, where the notation has been introduced
previously in this chapter. The expectation E[-] is taken with respect to
to y, the training data, D and the test points x. Observe the dependence
of the MSE on the dimensionality of the space.

(Hint: Consider, first, the MSE, given the value of a test point x, and
then take the average over all the test points.)

Solution: From the theory, we have that given a point «, the LS estimator
is given by
y=y XXX
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Moreover,

MSE8(z) = E[(y—7)] =E[(6Tz+n- éTa;)ﬂ

where the result of Problem 3.8 for the covariance matrix of the LS esti-
mator has been used, i.e.,

Yo =op(XTX)"N.

Also, we used the fact that the LS is an unbiased estimator, hence Ep‘n[é] =

Ep[0] = 6.
We can now make the following approximation, for large values of N:
1
Y=E, [xx"] ~ —XTX
EUESY

where X is the covariance matrix of the (zero mean) input vectors. Then,
we have

MSE(8) =~

S
RN

2R 20 =

In other words, the MSE is proportional to the dimensionality of the space
as well as the variance of the noise, and inversely proportional to the
number of data points. That is, for given number of points and noise
variance, the error depends on the dimensionality, which is a manifestation
of the curse of dimensionality.
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